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ABSTRACT. An open-loop two-person zero-sum linear quadratic (LQ for short)
stochastic differential game is considered. The controls for both players are al-
lowed to appear in both the drift and diffusion of the state equation, the weight-
ing matrices in the payoff/cost functional are not assumed to be definite/non-
singular, and the cross-terms between two controls are allowed to appear. A
forward-backward stochastic differential equation (FBSDE, for short) and a
generalized differential Riccati equation are introduced, whose solvability leads
to the existence of the open-loop saddle points for the corresponding two-person
zero-sum LQ stochastic differential game, under some additional mild condi-
tions. The main idea is a thorough study of general two-person zero-sum LQ
games in Hilbert spaces.

1. Introduction. Throughout this paper, we let (2, F,F, P) be a complete filtered
probability space satisfying the usual condition ([I7]), on which a one-dimensional
standard Brownian motion W (-) is defined with ' = {F,};>¢ being its natural
filtration augmented by all the IP-null sets in F. Let T' > 0 and x € R". Consider
the following controlled linear stochastic differential equation (SDE, for short) on
time interval [0, T):

dX(t) = [A®)X(t) + B1(t)ui(t) + B2(t)ua(t)]dt

+[C#®)X(t) + D1(t)us(t) + D2(t)usz(t)]|dW(t), te€[0,T], (1.1)

X(0) ==.
In the above X(-), u1(-), and us(:) are F-adapted processes taking values in R",
IR™, and IR™2, respectively; and they represent the state and the controls of the
two players, respectively. We assume that A(-), Bi(-), Bz2(-), C(+), D1(-), and Ds(-)
are deterministic bounded matrix-valued functions of proper dimensions. Clearly,

for any € R" and proper processes u1(+) and ua(+) (see the next section), the state
equation (L.1) admits a unique strong solution X (-) = X(-;x,u1(+),u2(-)) (which
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is square integrable). Therefore, one can introduce a quadratic performance index
(representing the payoff/cost):

T
Jx(m(')ﬂm(')):El/ q(t, X (t), ur(t), uz(t))dt + (GX(T), X(T))| . (1.2)

Here,
Q) S (t) S5(t) T T
q(t,z,ur,us) = (| S1(t) Rii(t) Raa(t) ur |, ow ), (1.3)
Sg(t) Rzl(t) Rgg(t) u u

with Q(-), S;(-), and R;;(-) being deterministic bounded matrix-valued functions of
suitable dimensions and G being a constant matrix.

Roughly speaking, in the game, Player 1 (who takes control uq(-)) wishes to
minimize (1.2)), and Player 2 (who takes control us(-)) wishes to maximize (1.2)).
Therefore, (1.2) represents the cost for Player 1 and the payoff for Player 2. There
are basically two types of controls for both players: open-loop controls and closed-
loop controls. In this paper, we concentrate on the open-loop case. The closed-loop
problem will be addressed in a forthcoming paper.

Let us now look at the case that both players use open-loop controls. Since both
players are non-cooperative, they would like to seek their admissible controls 1 (-)
and uso(+), respectively, such that

Jo(t1(+),u2(")) < Jo(@ (1), G2(+) < Jo(ui(-), d2(-)), (1.4)

for all admissible controls u1(-) and wua(-) (see the next section for a precise de-
finition). The reason is that when (1.4) holds, none of the players can improve
his/her outcome J, (G (+), 42(-)) by deviating from 14 (-) or @z (-) unilaterally. Thus,
both players will be satisfied with the controls @;(-) and ds(-), respectively. We
refer to (1(-),G2()) as an open-loop saddle point of the game over [0,7] at z, and

V(z) = Jz(G1(+), U2(-)) as the open-loop value of the game at . We point out that
in general, an open-loop saddle point (if it exists) is not necessarily unique. Clearly,
when an open-loop saddle point exists for each x € IR", the open-loop value func-
tion z — V(z) can be defined. On the other hand, by thinking about an optimal
control problem (which can be regarded as a game with the dimension ms of the
space that wus(t) takes values being 0), one immediately realizes that, in general,
one should not expect to have the existence of an open-loop saddle point from the
existence of the open-loop value function. We will return to this point later.

To roughly state our main results, let us introduce the following system of SDE,
called forward-backward stochastic differential equation (FBSDE, for short):

dX (t) = [A(t)X(t) + B(t)u(t)}dt + [C(t)X(t) + D(t)u(t)}dW(t),
dY (1) = — [Q(t)X(t) +ATOY ) +CT(D)Z(t) + ST(t)u(t)} dt + Z()dW (¢),
X(0) =z, (
SHX()+BT )Y () + D" (t)Z(t) + Rt)u(t) =0,  t€[0,T], as.

(1.5)
The unknown in the above is the triple of [F-adapted processes (X (-),Y (-), Z(-)).
Note that the above is a coupled FBSDE with the coupling through u(-) and the
last equality (see [19], [25]). We also introduce the following differential equation
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called a generalized Riccati equation:

P+PA+ATP+CTPC+Q
~-B"P+D'PC+S8)"(D"PD+R)(B"P+D"PC+S) =0,

P(T) =G, (1.6)

1= (D"PD+RY(DTPD+ R)'|(BTP+DTPC +8) =0,

D PD; + Ry1 >0, DJPDy+ Ry <0,

where M stands for the pseudo-inverse of matrix M (see [23]), and

B = (B1,By), D= (Dy,D,), S=<51>, R:(R“ Rl?). (1.7)

So Ro1 Rao
Note that the third condition in (1.6) is equivalent to the following range condition:
R(B'P+D'"PC+S)CR(D"PD + R), (1.8)

where R(M) stands for the range of matrix M. For stochastic LQ problems, a
similar Riccati differential equation was introduced in [1] in which D; = D, Ry; =
R, and my = 0 (thus, the last condition in (1.6]) does not appear). The paper [20]
discussed some basic properties of generalized Riccati equations arising in stochastic
games.

Our main results of this paper can be informally described as follows. The
existence of an open-loop saddle point of the game is equivalent to the solvability
of FBSDE (1.5) plus the convexity and concavity of J,(u1(-),u2(+)) in ui(-) and
uz(+), respectively. Also, the solvability of (1.6) implies that of FBSDE (1.5). On
the other hand, our LQ stochastic differential game can be approached by a leader-
follower fashion (see [24]). Namely, for example, let uq(-) be taken to be the leader
and wuz(-) be taken to be the follower. Then for any fixed ui(-), we first maximize
uz(+) — Jp(u1(-),u2(+)). Suppose there exists an optimal control ds(-) = tia(u1(+))
(depending on wy(+)). Then we minimize u1(-) — Jy(u1(+), @2(ui(+))). Among other
things, we show that if such a leader-follower problem admits an optimal solution,
it must be an open-loop saddle point of our LQ stochastic differential game.

There is extensive literature on deterministic LQ differential games (i.e., C(-) = 0,
D;y(-) =0, and Dy(-) = 0) and stochastic LQ differential games with the diffusion
term independent of the state and controls (see [13], [16], [3], [4], [9], [15], for
examples). The case that the controls appear in the diffusion was considered in [24]
under a leader-follower framework. For other related works, we mention [6], [14],
[7], [8], and [12].

Stochastic LQ control problems can be treated as zero-sum games with only one
player. From this point, our results can be considered as generalizations of the
relevant results in [10], [16], [1], and [2] for LQ control problems.

The rest of the paper is organized as follows. In Section 2, we present some
preliminaries. In Section 3, a careful study of LQ games in Hilbert space is carried
out. Section 4 is devoted to the main results of this paper.

2. Preliminaries. In this section, we present some preliminaries. First of all,
besides R", the n-dimensional Euclidean space, and R"*™, the spaces of all (n xm)
matrices, endowed with the inner product (M, N) + tr [M T N], we let S* C R™*"
be the set of all (n x n) symmetric matrices. Next, for any Euclidean space H (such
as R", R"™™, 8", etc.), and p € [1, 00|, let LP(0,T'; H) be the set of all LP-integrable
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functions ¢ : [0,T] — H, and W1P(0,T; H) be the set of all absolutely continuous
functions ¢ : [0,T] — H such that ¢(-) € LP(0,T; H). Further, we keep the basic
setting involving (2, F,IF,IP) and W (-) the same as that in the previous section.
Let L%(0,T; H) be the Hilbert space that consists of all IF-adapted processes ¢(-)
valued in H such that [E fOT lo(r)|2dr < oo (the inner product of which is denoted
by (-,-)), and let L%(Q; C([0,T]; H)) be the Banach space consists of all F-adapted
continuous processes ¢(-) such that lE[supre[(),T] lo(r)]?] < oo.

Fori=1,2,let U; = L% (0, T;R™). Any process u;(-) € U; is called an open-loop
control of Player ¢ on [0,T]. Before going further, we need the following standing
assumptions which will be assumed in the rest of the paper.

(A1) Let
A(),C(-) € L=(0,T,R"™™™), B;(-),Di(-) € L=(0, T; R"™™™), i=1,2. (2.1)
(A2) Fori,j =1,2, let

GeS", Q()eL>0,T;8"), Si(-)eL>0,T;R™*™),
Rzz() € LOO(O,T; sz‘)’ le() = R;rz() c LOO(O,T; R7n1;><mj)’ ii=1,2

In what follows, sometimes, we will denote
B(:) = (Bi(-), B2(1)),  D() = (D1(+), Da()),
s_(5) oo Bu0) Ra) 23)
Sy )7 Ro1(-) Raa(r) -
By a standard well-posedness theorem for linear stochastic differential equation

(see [27], Chapter 1, Theorem 6.14, for example), under (Al), for any © € R"

and (u1(-),u2(:)) € Uy x Us, state equation (I1.1) has a unique strong solution

X(¥) éX(- sz,ur(+),uz(+) € L%(Q;C([0,T);R™)). Then, under (A2), J,(u1(-), us2(-))
is well-defined, and one can talk about open-loop saddle points and open-loop value

functions, and so on. More precisely, we have the following definition.

Definition 2.1. (i) A pair (41(-),@2(-)) € Us X Uz is called an open-loop saddle
point of the game over [0, T] with respect to z € R™ if

Jo(1(-), u2(0) < Jo(U1(), 2(-) < Jo(ur(), a2(-),  (ur(),uz()) € Uy X Us.
(2.4)
(ii) Let z € R"™. The open-loop upper value of the game at x is defined by

Vi(z)= inf  sup Ju(ui(-),u2(")), (2.5)
u1(')€u1u2(.)€u2

and the open-loop lower value of the game at x is defined by

V7(z)= sup inf Jg(u1(-),us(’)). (2.6)
ua () EU2 u1 () €Uy

In the case that
Vo (z) =V*t(z) =V(x), (2.7)
we call V(z) the open-loop value of the game at x. Call VF(-) the open-loop upper

and lower value functions of the game, respectively, and call V(-) the open-loop
value function of the game.
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It is easy to see that the existence of an open-loop saddle point implies the
existence of the open-loop value, i.e., when (2.4) holds at z, the game has the
open-loop value at z and

Vi(x) = Jo(ta (), a2(-))- (2.8)
We will see that the converse is not true in general; see Proposition 3.10.

3. LQ Games in Hilbert Spaces. We will see in the next section that our two-
person zero-sum LQ stochastic differential game can be transformed into a two-
person zero-sum LQ games in Hilbert spaces. Hence, in this section, we first look
at LQ games in Hilbert spaces.

Let ‘H be a Hilbert space and © : D(O) C 'H — H be a self-adjoint operator
(By definition, it is densely defined and closed, but is not necessarily bounded). We
denote R(©) and N (O) to be the range and kernel of ©, respectively. Since © is self-
adjoint, AV'(©)L = R(O) (and we always have @(D(@) ﬂR(@)) C R(O)). Thus,

under the decomposition H = N (0) & R(O), we have the following representation

for ©:
0 O
0= ( 0 © ) , (3.1)

where © : D(O)R(O) C R(©) — R(O) is self-adjoint (again, it is densely defined
and closed, but not necessarily bounded, on the Hilbert space R(0)). Now, we
define the pseudo-inverse 1 by the following:

0 0
o = (7 au ) (32)
with domain

DO =N(0)+R(O) = {u’ +u' | u’ € N(©),u' € R(O)} DR(O). (3.3)
From the above, we can easily seen the following facts:

(i) ©f is (closed, densely defined, and) self-adjoint; R(©) is closed if and only if
Ot is bounded.

(ii) By the definition of O (see (3.2))), together with (3.3), one has that

e’ =0, o'ee’=06f (h =0. (3.4)
Thus, by (i), R(61) is closed if and only if © is bounded.

(iii) Although D(O") is not necessarily closed, the operator @01 : D(OF) — H
is an orthogonal projection onto R(©). Thus, we may naturally extend it, still
denoted it by itself, to D(OT) = H. Hence, 01 : H — R(O) C H is the orthogonal
projection onto R(0). Similarly, we can extend ©T0O to be an orthogonal projection
from H onto R(O) = V(071 = N(0)+ = R(O). Therefore, we have

ool =o' = Prgy = orthogonal projection onto (©). (3.5)

Note that when © is bounded, ©T0 is already an orthogonal projection from H
onto R(0T) = R(O).

(iv) The map © ~ O is not continuous (which can be seen even from one-
dimensional case).

Now, let us consider a quadratic functional on H:
J(u) = (Ou,u)+2(v,u), u € D(O)CH, (3.6)
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where © : D(©) C 'H — H is a self-adjoint linear operator and v € H is fixed. The
following result is concerned with the completing square and critical point(s) of the
functional J(-). Note here that we do not assume positive (negative) semi-definite
condition on ©.

Proposition 3.1. (i) There exists a & € D(0) such that
Jw) = (O(u—1u),u—a0)—{(0O4,1), Yu € D(O), (3.7)
if and only if
ve R(@)( c D(@T)). (3.8)

(ii) Any @ € D(O©) satisfies (3.7) if and only if it is a solution of the following
equation:

Ou+v =0, (3.9)
which is equivalent to the following:
o =—-0Tv+ (I -0'e)y, (3.10)
for some ¥ € H (in particular, & = —OTv is a solution).
(iii) When (3.7)) holds, it is necessary that
J(u) = (O(u—0),u—1a)—(0Tw,v), Yu € D(O). (3.11)

Moreover, 4 is unique if and only if A/(©) = {0}.
Proof. (i) For any 4 € D(0), on has

J(u) = (Ou,u)+2(v,u)
=(O(u—1u),u—10)+2(0u+v,u)—(Ou,4), YueD(O).
Hence, there exists a & € D(©) such that (3.7) holds if and only if (3.9) holds, which
gives (3.8) (and the first part of (ii)).
Conversely, if (3.8) holds, then there exists a @& € D(©) such that (3.9) holds.
Consequently,
(O(u—1a),u—0)—(O0,4) = (Ou,u)—-2(Ou4,u)+(On4,u4)—(OUu)
= (Ou,u)+2(v,u) = J(u),

(3.12)

(3.13)
proving (3.7).

(ii) We have proved the first part of (ii) (from (3.12)). The second part is straight-
forward.

(iii) For any 4 € D(O) satisfying (3.7), one must have (3.9). Hence,

(O(u—1a),u—10)—(OMv,v) = (Ou,u)—2(O00,u)+(0u,4)— (0104, Ou)
(Ou,u)+2(v,u) = J(u),

(3.14
which proves (3.11). Finally, by (3.9)), we see that @ is unique if and only if A/(©)

{0}.

Note that (3.9) is equivalent to the following:

One

1
0=0i+v= V(). (3.15)

Thus, 4 is actually a critical point of functional J(-). Thus, Proposition 3.1 char-
acterizes the critical point(s) of the quadratic functional J(-). Equations (3.7) and
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(3.11) are completion of square for the functional J(-) (although © is not necessarily
positive/negative semi-definite).

Next, for any self-adjoint operator O, regardless whether it is bounded or un-
bounded, we have the following spectrum decomposition ([11])

@:/ AdPy, (3.16)
o(®)

where 0(0©) C R is the spectrum of O, (which is a compact set if © is bounded,
and unbounded if © is unbounded); and {Py | A € ()} is a family of projection
measures. In the case that

0 >0, (3.17)

one has from (3.16) that o(©) C [0, 00), and

o :/ A*dPy,  Va >0,
o(©)

(3.18)
OH* = () = / APy,  VYa>0.
o(©)\{0}
Now, we can consider minimization problem for functional J(-).
Proposition 3.2. Let © : D(0) C 'H — H be self-adjoint and v € H.
(i) The following holds:
inf J(u) > —o0 (3.19)
u€D(O)
if and only if (3.17) holds and
v € R(O7). (3.20)
In this case, )
. 112
ue%l(fe) J(u) = —|(6") 2. (3.21)
(ii) There exists a & € H such that
J(G) = uelg{@) J(u), (3.22)

if and only if (3.17) and (3.8) hold; and in this case, all the conclusions in Proposition
3.1 hold.

Proof. (i) First, let (3.19) hold. It is straightforward that one must have (3.17).
Next, we prove (3.20) by contradiction. Suppose (3.20) does not hold. For any

n>1, let
Un :/ dP)\U.
a(®)N[+,n]

Then v,, € R(O), and

(v,0%0,) = / AL d|Pyol? = (01 20,2 — 00, 1 — .
(@[]

Hence, letting u,, = —0Tv,,, we obtain
J(tn) = (Oup, un ) +2 (v, un ) = —|(0N) 20,2 = =00, n — o0,
contradicting (3.19)).
Conversely, if (3.17) and (3.20) hold, then for any u € D(©), one has
J(u) =|03u2 +2((0)3v,0%u) =[0%u+ (0302 — |(O1) 702

(@M 02 > oo, (3.23)

VAR
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Hence, sufficiency follows.
Finally, from the fact that
R((61)%) C R(©3) =R(O),
we can always find a sequence u,, € D(0) so that (note (3.23)))
T(un) = 102w, + (O 20 —[(OF) 20> — —[(©1) 20, 1 — co.
Thus, (3.21)) follows.

(ii) By Proposition 3.1 (i), we know that (3.8) holds if and only if (3.7) holds
for some @ € D(O). Then (3.17) holds if and only if @ is a minimum. The rest is
clear. O

The above result tells us that the existence of minimum is strictly stronger than
the finiteness of the infimum of the functional J(-), which have been described by
conditions (3.8) and (3.20), respectively. Note here that R(6) C R(62) when
(3.17)) holds.

The following example shows the necessity of condition (3.20) in a concrete way.

Example 3.3. Let H = (2. For any u = {a;}52, € H, define ©Ou by
Ou = {f"""a;}2y,

where 3 € (0,1). Then © : H — H is bounded, self-adjoint, and positive definite
(but not uniformly). Clearly, for any « € R,

0% = {B0Ng; )2, Yu = {a;}2, € H.

Let v = {i"1}3°, € H. Then v € R(O) since v = lim Ou,, with
1 1

1 oo, —,0,0

{ 2/3 3/82’ ) n/Bn71 ) 9 )

But, clearly, v ¢ R(6%) for any a > 0 (in particular, v ¢ R(02)). Now, consider
the quadratic functional

J(u) = (Ou,u) + i(6112 Z).

=1

- teH.

Then by letting w,, as above, we see that

J(—up) = (Oup,up ) =2 (v, up )

n

:Z[ﬁl 11'252(1'71) _izﬂiﬂ} :_;W—)_m’ as n — oo.

This means that

inf = —00.
S ) = o

An interesting point here is that positive semi-definiteness of © is not enough to
ensure the finiteness of the infimum of J(-).

In the rest of this section, we let H = H1 X Ho with H; and Hs being two Hilbert
spaces, and consider a quadratic functional on H:

Jw) = J(u,u2) = (Ou,u)+2(v,u)

=ien &) () (i () (5 ) oo
Yu = (u1,uz) € H.
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©11 O12
©21 O2
Consider a two-person zero-sum game with the cost/payoff functional given by
(3:24). In the game, Player 1 takes u; € H; to minimize J(uy,us) and Player 2
takes ug € Hz to maximize J(uy, uz). Note that if we take H = H; (i.e., H2 = {0}),
then the game problem becomes the minimization problem for a quadratic functional
in a Hilbert space. Hence, minimization/maximization problem(s) can be regarded
as a special case of zero-sum games. The following result is a natural extension of
Proposition 3.2,(ii).

We assume that ©;; : H; — H; are bounded, © = ) is self-adjoint.

Proposition 3.4. There exists a saddle point (g, ds) € Hy X Ha for (ug,us) —
J(uy,ug), that is,
J (U, uz) < J(ty, ) < J(ug,tz),  V(ui,ug) € Hy X Ha, (3.25)
if and only if (3.8) holds and the following are true:
O, >0, O <0. (3.26)

In the above case, each saddle point @ = (i1,12) € Hi X Ha is a solution of the
equation (3.9), and it admits a representation (3.10). Moreover, @ is unique if and

only if A(©) = {0}.
Proof. Necessity: We first show (3.26) by a contradiction argument. If ©1; > 0
is not true, then (©17u1,u1) < 0, for some u; € Hy. Consequently, we have that
(note (3.25))
(i, dg) < lim J (A, itp) = lim N T (uy, g JN) = Jim A (O ur,u1 ) = —00.
(3.27)

This is a contradiction. Hence, ©®1; > 0 must be true. Similarly, G52 < 0 must
hold.

Next, by (3.12) and (3.25), we have
(©22(ua—U2), ug— 12 ) +2 (O2101 +Oa2lia+v2, us—ta ) = J (U1, u2) —J (41, U2) <0,

(3.28)
for all uy € Ho. Hence, it is necessary that
Os11U1 + Og2Us + v9 = 0. (329)
Similarly,
O11U1 + O1tg +v1 = 0. (330)

Thus, (3.8) follows.

Sufficiency: Let (3.8) hold. Then map (ui,us) — J(u1,us) admits a critical
point 4 = (4, G2). By Proposition 3.1, we get

J(ui,ug) = (O(u—10),u—0)—(Ofv,v). (3.31)

Thus, J(i1,12) = — (©Tv,v). Since ©1; > 0 and O, < 0, it follows that
J(t1,uz) = J(U1,12) + (O22(uz — t2),uz — Gz ) < J(U1,u2), (3.32)
J(u 1,u2) J(t1,02) + (O11 (w1 — 0y),u1 — Uy ) > J(0y,02) .
Hence, (3.25) follows.
The rest of the proof is clear. O

We have the following interesting corollary.
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Corollary 3.5. Suppose that (3.26) holds and @ﬁl and @521 exist; Or equivalently,
suppose that J(u1,0) admits a unique minimizer and J(0,u2) admits a unique
maximizer. Then the game admits a unique saddle point.

Proof. When (3.26) holds, ©7;' and O, exist, we can directly check that ©~*
exists and is bounded. Hence, Proposition 3.4 applies. By Proposition 3.2 (ii), we
know that the above-mentioned conditions are equivalent to the unique existence
of the minimizer and the maximizer of J(uy,0) and J(0,us), respectively. O

The above result tells us that for quadratic functionals, the existence of a unique
saddle point is guaranteed by the existence of solutions to two optimization problems
for quadratic functionals. But, the above result does not give a construction of the
saddle point. The following result gives a construction of a saddle point.

Corollary 3.6. Suppose that (3.26) holds.
(i) Suppose the following holds:

V1 € R(@u), Vg — @21@11‘1’1)1 S R(@gg — @21@11‘1@12). (333)

Then the game admits a saddle point given by the following:

{U1 = —911[01 — 012(O22 — 921911@12)T(02 - @21@{11}1)], (3.34)
Uz = —(BOgg — 921911912)T(02 - @219J{1v1)~
(ii) Suppose the following holds:
Vg € R(@QQ), v — @12@52112 S R(®11 — @12@52@21). (335)
Then the game admits a saddle point given by the following:
{Ul = (011 — 01205,0:1) (v; — ©120],12), (3.36)
uy = —05,[vy — ©21(011 — ©1205,051) (v — ©1205,12)].
(iii) The saddle points given in (3.34) and (3.36) are the same if either
@11911912 = O19, (3.37)
or
@22932@21 = O9;. (3.38)

Proof. (i) Let (3.33)) hold. Let (u1,u2) be defined by (3.34). One can directly check
that such a pair (u1,us2) is a solution of (3.9). Hence, by Proposition 3.4, the game
admits a saddle point. The proof of (ii) is similar.
To prove (iii), we show that the saddle points in both (3.34) and (3.36) are
—of ( Zl . As an example, we prove that this is the case for (3.34) under condi-
2
tion (3.37). The proof for the case of (3.36) under condition (3.38)) is similar. Write

(3.34) as ( Zl ) = —M( Zl ), where

2 2

M = < 0], +6],0:,010,,0], -6},0,,u! ) (3.39)

—ute, 01, ot
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and ¥ = Ogy — 921@11@12. We need only to show that ©f = M. Note that M
defined above is self-adjoint. Using that @11911612 = ©12 and (3.4), we have

— 611911 0
oM = ( (I —wuhe,el, wut ) ’
611 @12
OME = ( (I —0UH Oy + VWO, (I — VI)O,,01,015 + IO, >
_ ( O11 O12 -0
T\ Oy (I —UUT)(Og — W)+ UUTOy |~ 7
MOM =M.
(3.40)
Since OF is the unique self-adjoint operator M satisfying MOM = M and OMO =
O, we have O = M. O

One can approach the two-person zero-sum game in a leader-follower fashion.
More precisely, suppose Player 2 is the leader and Player 1 is the follower. First,
the follower minimizes his/her cost functional u; — J(u1,uz) for any leader’s con-
trol ug. Then the leader wants to maximizes his/her payoff functional Jo(ug) =
inf,, e, J(u1,u2). One can reverse the role of Players 1 and 2. We refer to the
above as a leader-follower game (or an iterative optimization problem). A natural
question is whether we can obtain a saddle point of the original two-person zero-
sum game by solving a leader-follower game? The following result gives a positive
answer, under certain conditions.

Corollary 3.7. Let (3.26)) hold.
(i) Suppose for any us € Ha, there exists a @ (u2) € H; such that

J(u1(ug),u2) = inf J(ui,uz), (3.41)
u1 €H1
and there exists a 1o € Hy such that
J(t1(t2),2) = sup J(u1(u2),uz). (3.42)
uzEHa

Then (i1, G2) é(ﬂl(ﬁg),’[lq) € Hy x Hz is a saddle point of the game and (3.34)
gives such a saddle point.

(ii) Suppose for any u; € Hy, there exists a @a(u1) € Ho such that

J(u, da(uy)) = sug J(ug,uz), (3.43)
uz€H2

and there exists a @, € H; such that
J(ﬁl,ﬂg(ﬂl)) = inf J(Ul,ﬂg(ul)). (344)
u1€H1
Then (ﬂl,dg)é(dl,ﬁg(ﬂl)) € Hi X Hsy is a saddle point of the game and (3.36)
gives such a saddle point.
(iii) The saddle points given in (3.34) and (3.36)) are both —OF (
a saddle point defined in both (i) and (ii).

v Lo
! , which is
U2

Proof. We prove (i) and (iii) only. For any us € Hs, let us consider the minimization
problem for the functional uq — J(u1,us2). Recall that

J(u1,u2) = (Or1ur, u1 ) +2 (v1 + O12ug, w1 ) + (Ozoug, ug ) +2 (va,uz ). (3.45)
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Thus, by Proposition 3.2, there exists a 4 (u2) such that (3.41) holds if and only if

©11 >0, v + O12us € R(O17) (3.46)
and a minimizer is given by
U1 (uz) = =0, (01 + O15us), (3.47)
which satisfies O11u1 (u2) + ©12u2 + v1 = 0. Since ug is arbitrary,
v € R(O11),  ©1101,015 = O1s. (3.48)

Furthermore, we have

JQ(UQ) = inful cH1 J(ul, ’U,Q) = —\(@Il)%(m + @12’&2)‘2 + <@22u2, ug > +2 <1)2, U2 >
= (22 — 02101, 012)un, uz ) +2 (vy — ©210],01,u2) —[(O],) vy 2.
(3.49)
Now, by Proposition 3.2 again, we see that there exists a iy that maximizes Ja(-)
if and only if

Og — @21911912 <0, V2 — 921911’01 S R(@Qz - @21911@12),
and a maximizer is given by

iy = —(O22 — @21911@12”(@2 - @219111)1) (3.50)

Note that the point ( Zl > £ ( uléug) > defined by (3.47) and (3.50) is exactly
2 2

the same as given in (3.34)), which must be a saddle point of the game by Proposition
3.4 (or Corollary 3.6(i)).

Similarly, the point defined in (3.36) is a saddle point ( gl ) in case (ii). In
2

particular, 622@;2@21 = O holds in this case. In other words, both conditions
(3.37) and (3.38) in Corollary 3.6 (iii) hold. Therefore, ( Zl ) = ( gl ) =
2 2

—-of < Z; ) This proves (iii). O

‘We should point out that the conditions imposed in the above result are sufficient
for the existence of a saddle point, and they are not necessary.

From Proposition 3.2 (i), we know that for a minimization problem (which is a
special case of games), finiteness of the infimum of the functional does not necessarily
imply the existence of a minimizer. In the general game case, we expect to have
a similar situation. To be more precise, we introduce the upper value V* and the
lower value V'~ of the game as follows:

VT2 inf sup J(uy,usz), y-2 sup inf  J(up,ug). (3.51)
u1 €Hy uzEHo2 ug EHo U1 €H
In general, we have
Vo <VT, (3.52)
regardless if V* and/or V= are finite or infinite. If both V* are finite and they are
equal, we say that the game has a value. It is easy to show that if J(u, us) defined
by (3.24) admits a saddle point (1, 4s), then

J(iy,ig) =Vt =V", (3.53)

This means that the existence of a saddle point implies the existence of the value.
On the other hand, as we mentioned above, the existence of the value does not
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necessarily imply the existence of a saddle point. We will see a more delicate case
a little later.

The following proposition collects some results on the upper and lower values for
the game.
Proposition 3.8. Among the following statements, it holds (i) = (ii) = (iii):

(i) The game has a value, i.e., V= = VT;

(ii) Both upper and lower values V* are finite;

(iii) Condition (3.26)) holds and

veERO).

~—

(3.54)
Proof. (i) = (ii) is trivial.
(ii) = (iii): We first show (3.26)) by a contradiction argument. If ©1; > 0 is not

true, then (©11uy,u1 ) < 0, for some u; € Hy. Consequently, for any ug € Ha, we
have that

lim J(Aup,uz) = lim A2J(u1,up/A) = lim A% (O11uy,u; ) = —oo.
A—00 A—o00 A—00
This contradicts the finiteness of V~. Hence, ©1; > 0 must be true. Similarly, by

the finiteness of V1, @95 < 0 holds.
Now we show that v € R(©) = N (0)*. Let & € N(0), that is,

. O11 O12 Uy O1111 + O121s )
o1 = A = A = 0. 3.55
“ ( O21 O () O2111 + Og2us (8:55)
We want to show that (v, ) = 0. To this end, we note that ©,5 = ©3,. Hence, by

(3.55)), one has

<611'&17ﬁ1> = - <®12ﬁ2;ﬁ1> = - <ﬁ2,@21ﬁ1> = <622'&27ﬂ2 >

Due to (3.26), we must have
O114; =0, Ogalis = 0.
Hence, it follows from (3.55) that
O1212 =0, G271 = 0.
Consequently,
J(A,uz) = 2X (v, h1 ) +2 {va, uz ) + ( Osgua, ug ) . (3.56)
By the finiteness of V' ~, we can find some s € Hs such that

—oo < inf J(uy, ) < inf J(Miyg,ds).
0 <, I, ) < fof JOn )
Hence, we must have (v, 4y ) = 0. Similarly, one can obtain (vg, s ) = 0. These
imply (v,4) = 0, proving (iii). O

Since an optimization problem is a special case of the game, by Proposition
3.2, we know that in the above proposition, (iii) does not necessarily imply (ii)
(see Example 3.3 also). It is not clear if (i) and (ii) in the above proposition are
equivalent. This amounts to asking if the finiteness of both upper and lower values
necessarily implies the existence of the value.

Remark 3.9. 1) Combining Propositions 3.4 and 3.8, we see that if © has a closed
range, which is the case if ©~! exists and is bounded, or if both H; and H, are
finite-dimensional, then (i)—(iii) in Proposition 3.8 are all equivalent and they are
also equivalent to the existence of a saddle point.
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2) Condition (3.26) is equivalent to the fact that uy — J(u,us2) is convex and
ug — J(uy1,us) is concave. Hence, the convexity of J(u1,us2) in u; and concavity
of J(ui,us2) in us are necessary conditions for the game to have finite upper and
lower values. By Corollary 3.5, if the above-mentioned convexity and concavity
are uniformly strict (which means that (3.26) holds and ©7;" and O3, exist and
are bounded), then the game admits a unique saddle point. However, Example
3.3 shows that condition (3.26), together with (3.54), does not even necessarily
guarantee the finiteness of the upper or lower value.

The following proposition gives some sufficient conditions under which V=, V—,
or both are finite, respectively, under conditions which are weaker than those for
the existence of a saddle point.

Proposition 3.10. (i) If the following holds:
BO22 <0, vy € R(O22),
O11 — ©1205,021 >0, v — 012000 € R((@u - @12@;2@21)%)7
(3.57)
then V7 is finite and is given by
V= |01 ~01201,0:) 1 (1 ~ OOhm)| + [~ tus| . (358)
(ii) If the following holds:
11 > 0, v1 € R(O11),
@21911@12 — B9 >0, vy — 92191101 € R((@m@h@u - @22)%>7

(3.59)
then V'~ is finite and is given by
1 2 1 2
V™ = {[(0210],015 — ©2)1]7 vz — 92191101)’ - ‘(911)”1‘ : (3.60)
(iii) If the following holds:
@11 2 07 @22 S 07
v1 € R(O11), vz € R(O22),
(3.61)

v] — 91292202 € R((@u - @12932@21)%»
vy — @2191101 € R((@21@J{1®12 - @22)%)7

then both V* and V~ are finite and given by (3.58) and (3.60)), respectively. More-
over, if
R(©12) € R(611), R(O21) € R(O22), (3.62)
then the game admits a value.
Proof. We prove (ii) first. Recall that
J(u1,uz) = (O11u1,u1 ) +2 (v1 + O12ug, ur ) + (O20uz, uz ) +2 (v2,uz2) . (3.63)

We define

JQ(UQ) = ullIel;_‘1 J(Ul, UQ), (364)

with the domain
D(J2) 2{us € Ha | Jo(uz) > —o0}. (3.65)
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According to Proposition 3.2, D(Jz2) # ¢ if and only if

©11 >0, v € R(Glil) + R(@lz), (366)
and D(Jz) is characterized by the following:

D(JQ) = {UQ € Ho | v1 + O1oug € R(@ﬁ)} = @1_21 (R(@E) — Ul). (367)
Moreover, for any us € D(J3), one has

JQ(U2) = 1nf J(Ul,UQ) = 7‘(@11) (’Ul + @121/@)‘ =+ <@22U2,U2 > +2 <’U2,U2>
u1 € 1
(3.68)
From (3.67), we see that D(Jz) is the pre-image, under linear operator Ois, of
1

the linear space R(©7) translated by a vector v1. Thus, in general, D(Jz) is not
necessarily a linear space (could even be empty), but it is a convex set. Thus, Ja(-)
is a convex functional defined on D(Jz).

Now, if we assume that v; € R(@lél), which is still weaker than the second
condition in (3.59), then (3.67) becomes
1
D(JQ) = {UQ € Ho ’ @12’LL2 S R(@u)} @12 (R(@fl)), (369)
which is a linear space (thus, it is always non-empty). Moreover, (3.68) becomes
Tao(us) = —[(©]))201 +(0],)2 @12U2|2 +(O22uz, up ) +2(vg, uz)
= (Oaus,uz ) —[(0],)2O15us[2 = 2((O],) 201, (0],)2O12us ) (3.70)
+2 vy, uz) —|(OF,) 7012,
Further, if the second condition in (3.59) (i.e., v1 € R(©11)) holds, then for any
uy € O, (R(@H)) which is dense in O, <R(@ )) one has

JQ(UQ) = <(@22 — @21@11‘1@12)U27 U2 > +2 <U2 - @21@111]1, U9 > —|<@J{l>%’l}1|2. (371)

Note that, in general, Oy — @21611912 is an unbounded operator with domain
055 (R(@u)). Thus, by Proposition 3.2, J2(-) admits a finite supremum if and
only the third and fourth conditions in (3.59) hold, and in this case, V'~ is given by
(3.60). This proves (ii).

The proof of (i) is similar.

Finally, we prove (iii). Note that (3.61)) implies (3.57) and (3.59). Hence, both

VT and V™ are finite. Consequently, the existence of the value is equivalent to the
following:

N 2
‘[(@21911912 — O2) 12 (vy — 921@1101)’

IT=SRE! ol 1, | 1,
+‘[(®11 — 01202,021)"]2 (v1 — @12@221’2)‘ = ‘(911)“’1‘ ‘( ©33)2v2 ‘ :
(3.72)
To show the above (under our conditions), we denote
K =0 - @129£2@21, ¢ = (K )%
L=050101 -0y, =Lz, (3.73)
P=Prey, P=Pre,y: Pxk=Irg. =Py
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By (3.61), we know that
0<O1 <K, 0<-0y<L. (3.74)

Hence,

{ R(©11) € R(K), R(©22) € R(L), (3.75)

0< P < Pk, 0< P <Pp.
Note that under (3.62)), one has
P1O12 = O1g, P,071 = O21.
Hence, the left hand side of (3.72) becomes

2
(@01~ ©P1O1:Okyvs| + [We2 — U016,

1 1 1 2
— P07, ) <I>P1612(f®§2)5 ( CIE )
—U P04, (01))2 U(—Og9)2 (

\ 2
(G
(—055)2v2

Note that
AAT _ (136151 . <I>P1612(—6%2)%
— VP05, (01))2 W(—Og)2
_ @f@ —(@{1)%@%2132\1:
(—@;2)5921P1<I) (—@22)5\11
PKD DP[O12P, — P10 P,
U P[P0 — O P1| P ® LW
_( Pk O
o 0 P, )°

Therefore, restricted on R(011) ® R(O22), A is a unitary operator. Hence, (3.72)
holds, proving the existence of the value. O

We point out that conditions (3.61) and (3.62) do not necessarily imply either
(3.33) or (3.35). Note that, similar to Corollary 3.7, the above proposition also
follows a leader-follower fashion. It seems that by being a follower, the player has
some advantages. In the case that the value exists, roughly speaking, none of the
players will have such an advantage by being a follower.

The above proposition does not completely answer the question if the finiteness
of both upper and lower values implies the existence of the value. We conjecture
that there is a case for which both upper and lower values are finite but they are
not equal.

4. Open-Loop LQ Games. In this section we discuss our LQ differential game
with both players using open-loop controls. We will mainly apply the results from
the previous section, together with some theory of BSDEs and FBSDEs ([22], [19];
see also [24]) to approach the open-loop game.

Let ®(-) € L%(2; C([0, T]); R"*™)) be the solution of the following SDE:
do(t) = A(t)@(t)dt + C(t)D(t)dW (t), ®(0) =1. (4.1)
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Then, it is known that for any x € R", and u(-) = (u1(-),u2(:)) € Uy X Us, the
corresponding state process X () = X (-;x,u1(-),uz(-)) can be represented by

X(t) = D(t)z + B(2) /0 B(r) " [By(r)us(r) + Ba(r)us(r)]dr

+00) [ 00 D) + Dela)aw () (42)
zwa+&wwm>+&W(m>
= A(t)x+ Bu())(1),  te[0,T].
Here, B : L?E(O,T; ]Rm1+m2) — LQf(O,T; R") is defined by
Blu(-))(t) = X (;0,u(-)). (4.3)
We also define B : LZ(0, T; R™ ™) — L2 (Q; R™) by
Blu(-)] = Blu(-)|(T) = X (T;0,u(")). (4.4)

Clearly, both B and B are bounded linear operators, so are their adjoint operators
B*: L%(0,T;R") — L%(0,T; R™*™2) and B* L%_-T(Q; R") — L%(0, T} R™T7m2),
Having the above, we are now able to rewrite J;(u1(+),u2(+)) as a bilinear form of
(u1(+),u2(+)) explicitly. To this end, we define

B0 = / AT(OQ)A(t)dt + AT(T )GA(T)}
01 = B*Q()A() + S()A(-) + B* GA(T)
@*@Q“B+SUB+F€W0+MJ+@GE
Clearly,
Oy € ST,
O1: R" — L%(0,T;R™T™2), (4.6)
©: LE(0, TsR™ ™) — LE(0, s R™ ™),
with © being self-adjoint. Then we have

Lo (), () =B{ g [(QX(0), X(1)) +2(SOX (1), u(t))
+(R(tu(t), u(t)) |dt + (GX(T), X (1)) }

—E{g[ (O { AWz + Blu()(1)}, At)z + Blu()](¢)

{Amx m<nwhmw>< Ju(t), u(t)) |at

)

R(t
G{A Blu(-)|(T) }, A(T)z + Blu(-)|(T))
= (Ooz, x>+2<@1ﬂf U()> (Ou(-),u()).

(4.7)
Hence, our open-loop LQ stochastic differential game problem becomes a game with

quadratic cost/payoff functional (4.7)) defined on the Hilbert space U; x Us. We let

_ 611 612 . ) ) <
0= < O On ) Qi U — Ui, i=1,2. (4.8)

Then the following result holds (by Proposition 3.4 from the previous section).



110 LIBIN MOU AND JIONGMIN YONG

Proposition 4.1. Let (A1)—-(A2) hold. For given € R", the open-loop game
admits a saddle point 4(-) = (41(+),G2(-)) € Uy X Us if and only if

611 >0, B9 <0, (4.9)
and
012 € R(0). (4.10)
In this case, any saddle point 4(-) is a solution of the following equation:
Ot + 0,2 =0, (4.11)
and it admits the following representation:
a(-) = —0'e12 + [T — 610)u(-), (4.12)

for some v(-) € Uy X Us. The saddle point is unique if and only if N'(©) = {0}.
Note that when (4.9)-(4.10) hold, for any v(-) € Uy X Us, 4(-) given by (4.12) is
a solution of (4.11), and therefore is a saddle point of the game.

We see that (4.9) is equivalent to the convexity of ui(-) — Jo(ui(-),0) and
the concavity of ua(:) — Jo(0,u2(+)), and (4.10)) is equivalent to the solvability
of equation (4.11) for @(-). These two conditions seem to be not very explicit.
Hence, we would like to look at some other sufficient conditions guaranteeing them.
To this end, let us first give a representation for B* and B*. Let us recall that
under (A1)-(A2), for any h(-) € L%(0,T;R") and € L%_(©;R"), the following
linear backward stochastic differential equation (BSDE, for short) admits a unique
adapted solution (Y'(-), Z(+)) ([22], [19]):

aY(t) = —[AT@®)Y )+ CT()Z(t) + h(t)]dt + Z()dW (t),  Y(T) =mn. (4.13)
We have the following result.
Proposition 4.2. Let (A1)-(A2) hold. Then for any h(-) € L%(0,T;R"),

B [h())(t) =BT ()Y (t)+ DT () Z(t),  te[0,T], (4.14)
with (Y(-), Z(-)) being the adapted solution of (4.13)) corresponding to n = 0 and
h(-); and for any n € L% (;R"),

[B*n)(t) = BT ()Y (t) + DT (t)Z(t), te[0,T), (4.15)
with (Y'(+), Z(-)) being the adapted solution of (4.13]) corresponding to A(-) = 0 and
7.

Proof. First of all, by [22], BSDE (4.13) admits a unique adapted solution. Next,
let X(-) = X(-;0,u(:)) = Blu()]. Then using Itd’s formula, we have

d{X(),Y(t)) {< (O)X(t) + B(t)u(t),Y (1)) + (X (),—AT() (t)

CT()Z(t) = h(t)) +(C)X(t) + D(t)u(t), (t)>}dt
FLCWO)X(t) + D(t)u(t), Y (1)) + (X (1), Z(t) }dW(f)
=[(B'()Y (t)+ () Z(),u(t)) — (X(t),h(t)) ] dt
H{{COX () + D(t)ult), Y () + (X (1), Z(t)) }dW ()
Consequently,
E [, (BT(6)Y(t)+ DT (1) Z(t),u(t)) dt
- l X(T),n)+ [T (X(t),h(t))d } (4.16)
= (Bu(-),n) + (Bu(-),h(-)) = (u(-), B'n+ B*h())
Thus, by the linearity of (4.13), we obtain (4.14) and (4.15) immediately. O
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The following result gives an equivalent condition for (4.10) (or the solvability of
(@11)).

Proposition 4.3. Let (A1)—-(A2) hold. For given x € R", the following holds:
O12 + Oi() = S()X()+ BT ()Y () + D" ()Z() + R(-)a(), (4.17)

where (X (-),Y(-),Z(-)) is an adapted solution of the following forward-backward
stochastic differential equation (FBSDE, for short):

dX = [AX + Baldt + [CX + DaldW,
dY = —[QX + ATY + CT Z + ST a)dt + ZdW, (4.18)
X0)==z,  Y(T)=GX(T).

Consequently, condition (4.10) holds if and only if there exists a 4(-) € Uy X Us such
that

SHX()+BT®)Y(t)+ D' (t)Z(t) + Rt)u(t) =0, t€[0,T)], as.  (4.19)
Proof. Let (Xo(+),Yo(:), Zo(+)) be the adapted solution of (4.18) corresponding to
4(-) = 0 (only depending on z), and let (X (-),Y (-), Z(-)) be the adapted solution of
(4.18)) corresponding to x = 0 (only depending on 4(-)). Then by Proposition 4.2,
it is straightforward that

©12 = S(-)Xo(-) + BT ()Yo() + DT () Zo(-), (4.20)
and
Ou() = S()X() + BT ()Y () + DT ()Z() + R(-)a(). (4.21)
Let us call
X()=Xo()+ X(), Y() =Yo()+ Y (), 2() = Zo() + Z(:).
Then (X(-),Y(-),Z()) is an adapted solution of (4.18), and (4.17) holds. Hence,

our conclusion follows. O

Note that (4.18)—(4.19) is a necessary condition for %(-) to be an open-loop saddle
point of the game. Moreover, by Proposition 4.1, we know that if (4.9) holds, then
(4.18)—(4.19) is also a sufficient condition for 4(-) to be an open-loop saddle point
of the game.

In a similar nature, we have the following result concerning condition (4.9).

Proposition 4.4. Let (A1)-(A2) hold. For ¢ = 1,2 and any u;(-) € U, let
(X:(+),Y:(), Zi(+)) be the adapted solution of the following:

dX; = [AXZ + Blul]dt + [CXZ + Dzul]dVV,
dY; = —[QX; + ATY; + CT Z; + S w]dt + Z;dW, (4.22)
Xi(0)=0, Yi(T)=GXi(T).
Then
O >0 < (S1()X1()+ B (Vi) + D{ ()Z:() + Rua(Jur (-),ua () ) >0,
Vul() S Lll,
O22 <0 = (S2(-)Xa(-) + By ()Ya() + D3 (-)Za(-) + Raa(-Juz(-), ua(-)) <0,
VUQ() € Us.
(4.23)
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Proof. By (4.21)), we have

o - ()

( O, )um = S()X1()+ BT(Wi() + DT ()Z() + ( s )ul(.),
()
()

(82 ) ) =50%0) + BTO%O + DTOZO + (120
Hence,
(©5ui (), ui()) = (Si(VXi()+B (VYi()+D) (VZi()+Ria(ui(-), i) ), i =1,2.
Therefore, (4.23) follows. O

We see that (4.18)—(4.19)) gives a coupled FBSDE (the coupling is given through
(4.19)). For such an FBSDE, let us look at the solvability via the idea of Four-
Step Scheme ([18], [19]). More precisely, let (X(-),Y (), Z(-),4(:)) be F-adapted
satisfying (4.18)—(4.19)), and suppose that one has the following relation:

Y(t) = Pt)X(t), t e 0,77, (4.24)
where P(-) is an S"-valued deterministic function. By It6’s formula, we have (sup-
pressing t)

—QX +ATY +CTZ + STaldt + ZdW
=dY = [PX + P(AX + B4)]dt + P(CX + Da)dW

Comparing the drift and diffusion terms, we see that one should have (note (4.24))

(4.25)

(P+PA+ATP+ Q)X +(PB+ST)a+CTZ =0, (4.26)
and
Z = PCX + PDa. (4.27)
Combining (4.19) and (4.27), we have
(B"P+D"PC +8)X +(D"PD + R)i = 0. (4.28)

Now suppose the following range condition holds:

R(BT(t)P(t) +DTWPWOC() + S(t)) c R(DT(t)p(t)D(t) + R(t)), te0,T).
(4.29)
Then (4.28) is implied by
t=—(D"PD+R)(B"P+D"PC+ 9)X. (4.30)
If we take @ in such a way, (4.26)) becomes (note (4.27))
0 =(P+PA+ATP+Q)X+(PB+ST)a+C"Z
=(P+PA+ATP+Q+C"PC)X +(PB+CTPD+ST)i

. 4.31
=[P+PA+ATP+CTPC+Q (4.31)
—(PB+C"PD+S")(D"PD+R)(B"P+ D'PC + 9)]X.
Hence, P(-) should satisfies the following Riccati equation:
P+PA+ATP+CTPC+Q
~(B"P+D"PC+S8)"(D"PD+R)(B"P+D"PC+S) =0, (4.32)

P(T) =G,
R(B'P+D"PC+S)CR(D"PD + R),

This proves the following proposition.
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Theorem 4.5. Suppose Riccati equation (4.32) admits a solution P(:). Then
for any x € R", (4.18)—(4.19) admits an adapted solution (X(-),Y(-),Z(),a(-)).
Furthermore, if (4.9) holds, then the game admits an open-loop saddle point 4(-),
and it admits a feedback representation (4.30).

Note that (4.30)) is just a closed-loop representation of an open-loop saddle point.
It does not mean that such a 4(-) is a closed-loop saddle point.

The above result relies on the solvability of Riccati equation (4.32) (besides
condition (4.9)). Thus, one might desire to have some direct solvability result for
the linear FBSDE (4.18))—(4.19). To this end, let us assume the following:

R((S(t), BT(1),D7(1)) CR(R(®),  teo,T],
RT(-) € L>=(0,T;8™).
Then (4.19) is implied by
u(t) = —RI(t)[SH)X({t)+ BT )Y (t) + DT (1) Z(t)],  t€[0,T). (4.34)

Note that in the case that R~!(-) exists and bounded, (4.33) is always true and (4.19)
is equivalent to (4.34). Substituting (4.34) into (4.18), we obtain (suppressing ¢)

(4.33)

dX — [(A _ BR'S)X - BRIBTY — BRTDTZ} dt
+[(C - DRIS)X — DRIBTY — DR'D" Z|aw,
QY = — [(Q _ STRIS)X + (A= BR'S)TY + (C — DRTS)TZ] dt + ZdWw,

X(0) ==, Y(T)=GX(T).
(4.35)
If the above (coupled) linear FBSDE admits an adapted solution (X (-),Y'(-), Z(-)),
then by defining u(-) through (4.34), we will have (4.19). Now, (4.35) is a linear
coupled FBSDE with time-varying deterministic coefficients. Such kind of FBSDEs
have been carefully discussed in [26]. Let us recall one result for such an equation.
To this end, we introduce the following notation:

A—BR'S —BR'BT —BR'DT
A= < —(Q—-STR'S) —(A-BRIS)T ) ¢t = ( (C - DRIS)T >

C - DR'S —DR'BT —DR'DT
Al(t):( 0 0 ) c1<t)=< )

1
(4.36)
Next, let ¥(-,-) be the solution of the following ODE:
d
£\If(t,s) =At)¥(t,s), te][sT], U(s,s)=1. (4.37)
According to [26], we have the following result.
Proposition 4.6. Let A(-), A1(-),C(-), and C1(-) be all bounded. Suppose
0 -1
{(—G,I)\II(T7O)< 7 )} exists, (4.38)

and
_GT
I

{(—G,I)\II(T, NG ()C ()T W(T, T ( ) }71 e L®(0,T:8").  (4.39)
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Moreover, suppose
either A;(-)=0, or C()=0. (4.40)
Then for any z € R", FBSDE (4.35) is solvable.
Note that for our case, conditions in (4.40) are the same as follows:
DR ()BT (t) =0, D@®RI(t)S(t)=C(t), tel0,T). (4.41)

These are kind of compatibility conditions among some of the coefficient matrices.
A nontrivial example for the first condition in (4.41) is that

11 1 0
po-p=(1 1), mo=(} %), ecom
One can easily cook up higher dimensional examples.

Finally, according to Corollary 3.5, the existence of an open-loop saddle point
for the game is guaranteed by the unique solvability of two LQ problems. Hence,
we have the following result.

Proposition 4.7. Let (A1)—(A2) hold. Suppose the following two Riccati equations
admit solutions P;(-), respectively: (i,j = 1,2, i # j)

P+ PA+A"P,+C"PC+Q

~(BI P+ D] P.C+5)7 (D] P.D; + Ry;) " (B/ P, + D] P.C + ;) = 0,
P(T) =G,
(=)D, PiD; + R;;] > 61 > 0,

(4.42)
where 6 > 0. Then the game admits an open-loop saddle point.

Proof. According to a standard stochastic LQ theory (see [27]), when Riccati equa-
tions (4.42) admit solutions P;(-) (i = 1,2), one can obtain a unique minimizer for
Jz(u1(+),0) and a unique maximizer for J,(0,uz(-)). Hence, Corollary 3.5 applies.

O
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