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Abstract For a controlled stochastic differential equation with a Bolza type
performance functional, a variational formula for the functional in a given
control process direction is derived, by means of backward stochastic differ-
ential equations. As applications, some Pontryagin type maximum principles
are established for optimal controls of control problems, for saddle points of
open-loop two-person zero-sum differential games, and for Nash equilibria
of N-person nonzero-sum differential games. The results presented in this
paper generalizes/simplifies the relevant ones found in [12] [17]. In addition,
a sufficient existence condition of Nash equilibria is proved for nonzero-sum
games.
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1. INTRODUCTION.

Let (2, F,IF,IP) be a complete filtered probability space, on which a d-dimensional
standard Brownian motion W (-) is defined with IF' = {F;}+>¢ being its natural filtration,
augmented by all P-null sets in F. We consider a controlled stochastic differential
equation (SDE, for short):

{d:p(t) = b(t, z(t), u(t))dt + o(t, 2(t), u(t))dW (),  te[0,T],

G0 o) = 2o,
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and a performance functional vector

T
(1.2) J(u() = B /O £(t,2(t), u(®))dt + hia(T) |,

where b, o, f, and h are given maps taking values in Euclidean spaces R", R™*,
R", and R", respectively. More assumptions will be made in the next section. In
the above, x(-) is the (controlled) state process valued in R", and u(-) is the control
process valued in some set U C R™ (bounded or unbounded). Let us indicate some
special cases of the above setting. When N = 1, one can formulate an optimal control
problem with state equation (1.1) and cost/payoff functional (1.2). When N > 2,
u() = (ui(+), - ,un(-)) with uy(-) being the control of the ¢-th player, valued in
U CR™ (with mi + - -+ +muy = m), which is to be chosen to optimize Jy(u(-)), then
one has an N-person (possibly) nonzero-sum differential game. If N = 2 and

(1.3) J1(u(+)) + J2(u(-)) =0, Vu(-),

then one has a two-person zero-sum differential game. In addition, (1.1)—(1.2) covers
the so-called multi-objective problems (which will be carefully discussed in a forthcom-
ing paper). Indeed, (1.1)—(1.2) gives a very general model for a wide class of (stochastic)
optimization problems. For optimal control problems, zero-sum or nonzero-sum differ-
ential games, one is mainly interested in optimal controls, saddle points, and Nash (or
other type) equilibria. We may generally refer to them as extreme controls.

The purpose of this paper is to present necessary conditions for extreme controls in
a unified way. The main idea is to derive a variational formula for the performance
functional vector in certain given “control process direction”, by means of backward sto-
chastic differential equations (BSDEs, for short) and duality principle. Since U may be
non-convex, spike variations have to be used as the perturbation of the control process.
A little different from [12] and [17], neither the variational systems nor the correspond-
ing Taylor type expansions of the state process and the performance functional (with
respect to a control variation) will be used. Instead, we first express the change of the
performance functional directly in terms of the Hamiltonian and associated first order
and second order adjoint systems (which are BSDEs). Then we obtain a representation
for the variation and “directional derivative” of the performance functional. This idea
of using the adjoint systems alone is very natural because the statement of Pontryagin
type maximum principle involves only the adjoint systems, not the variational systems.
Similar idea is used in [15] for optimal control of variational inequalities.

This paper is organized as follows. The assumptions, notations and some basic esti-
mates (Proposition 2.1, Corollary 2.1) are given in Section 2. In Section 3, we obtain
two representations (first order and second order) for the difference of the performance
functional in terms of the Hamiltonian and adjoint processes (Lemma 3.1). These rep-
resentations may be of interest in their own right. In Section 4 we use the second order
representation in Section 3 to derive a representation for the variation and “directional
derivative” of the performance functional along with any spike variation (Theorem 4.1).
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In Section 5, we apply the “directional derivative” formula from Section 4 to general-
ize the classical maximum principle for stochastic optimal controls (Theorem 5.1) and
derive extreme principles for Nash equilibria of nonzero-sum games (Theorem 5.2) and
minimax principle for saddle points of a zero-sum game (Theorem 5.3). In Section 6, we
use the first order difference representation in Section 3 to obtain a sufficient condition
for Nash equilibria of a nonzero-sum game (Theorem 6.2).

Theorem 6.2 shows that open-loop Nash equilibria exist under reasonable conditions.
While equilibria of other types (closed-loop, strategies, etc.) are commonly considered
for differential games, all of them (if exist) induce open-loop controls. A natural ques-
tion is whether they induce open-loop Nash equilibria. This question is one of our
motivations for studying open-loop equilibria of differential games; see [11] and [16] for
some recent results on linear-quadratic stochastic games.

2. ASSUMPTIONS AND BASIC ESTIMATES

In this section we will make some preliminaries. First of all, besides the Euclidean
space R"™ and the matrix space R™*? (of all (n x d) matrices), we let S be the set of
all (n x n) symmetric matrices. For any z,y € R"™, we use 2’y and z - y to denote the
inner product of these two vectors. For a function ¢ : IR" — IR, denote by V.o = ¢,
its gradient (as a column vector) and V2p = ¢, its Hessian (a symmetric matrix).

. n k . _ ( Opi
If o : R" - R” (with £ > 2), then ¢, = (Gﬂfj)lgigk,lgjgn
(k x n) Jacobian matrix. In what follows, C' represents a generic constant, which can
be different from line to line.

is the corresponding

Next we introduce some spaces of random variables and stochastic processes. For
any «, 8 € [1,00), we let

L (%R")2 {5 . Q — R" | € is Fr-measurable, E[¢]? < oo},

L2(0,T; RF) 2 {<p 1[0, 7] x Q@ — RF | () is F-adapted, ]E/OT lp(t)|Pdt < oo},
LJBF(Q;LQ(O,T; RF)) = {(p [0,7] x Q — RF | () is F-adapted, [[¢[|a, < oo},
Li(Q;C([O,T];]Rk)) = {gp :[0,T) x @ — RF | () is F-adapted,

has continuous paths, ||¢||ec,3 < oo}7

where ||¢||q,3 and ||¢||s,s are norms defined as

B

g2 []E(/OT |¢(t)\adt) E} %; e []E(t:[g?ﬂ

1

1))

[l
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For a subset U € R™, we define
LO(Q; L0, T; U)) 2 {u(-) € LH(Q; L0, T;R™)) | u(t) € U, ae., a.s.},
Lo0,T;U) 2 {u(-) € L300, T;R™) | u(t) € U, ace., a.s.}.
Now we introduce the following standing assumptions.
(S1) The control space U C R™ is nonempty.
(S2) Maps b : [0,T] x R" x U x Q@ — R", o : [0,T] x R®" x U x Q — R"™¢,
f:0,T]xR"xU xQ—R" and h: R" x Q@ — R" satisfy the following:

(i) b,y o, f are B([0,T] x R" x U) ® Fr-measurable, and h is B(R") ® Fr-measurable,
where B(G) is the Borel o-field of the metric space G.

(ii) For each (x,u) € R" x U, t — (b(t,z,u),o(t,x,u), f(t,z,u)) is F-adapted.
(iii) For almost all (¢,u,w) € [0,T] x R"™ x €, the map
xz— (b(t,z,u,w),o(t, z,u,w), f(t,z,u,w), h(z,w))

is twice continuously differentiable with all the partial derivatives of b, o, f, and h with
respect to z up to order 2 being continuous in (z,u) with appropriate growths. More
precisely, there exist a constant L > 0, a process p(-) € LJBT(Q; L*(0,T;R)) (with 3 > 1)
and a modulus of continuity @ : [0,00) — [0,1] such that for p = b/,0% (1 < i < d,
1<j<n)

(2, w)] < L{p(t) + Jo] + Jul,

alt, 2, )], [Paa(t, @, u)| < L,
[Pty 2, 1) — @ua(t, 7 u)] < L (e — 7]),

(2.1)

and for 1 </ < N,

b ot 2—k B
Vol (G, u)| < L\p(t) + [z + Jul| - for k=0,1,2,

(22) ‘ff:p(tvwau) - :ﬁx(tiv u)| < L&("/E - ED,
Vit (z)] < L(p(T) + |2])*"* for k =0,1,2,
[hew (@) = hio ()] < Li(J2 — 7).

The set of admissible controls is defined as
A
UP0, T = LH(Q; L2(0, T3 U)).

The following result gives the well-posedness of the state equation as well as some useful
estimates.
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Proposition 2.1. Let (S1)-(S2) hold. Then for any u(-) € U”[0,T] with 3 > 1, state
equation (1.1) admits a unique strong solution x(-) € Lg_-(Q;C([O,T];lR")), and the
following estimate holds:

EL;@%] 2(s) /7]

(2.3) < C]E{|:c0|5 + (/Ot |b(s, 0, u(s |d5 / lo(s, s))| ds)

)
SC]E{]xOW—i—(/Ot\p(s)\st : /\u )2ds)” |

Further, if Z(+) is the unique solution corresponding to (T, u()) € R" x 4P[0,T), then

E[ sup |o(s) - a(s)/"]

s€[0,t]

[Nljey

}

\m

(2.4) < c[\xo ~ Tl + E(/Dt Ib(s, (s), u(s)) — b(s,@(s),a(smdsf
E(/Ot\a(s,z(s),u(s)) — (s, a(s), u(s))2ds) * |,

[T

for all v > 1.

Proof. The existence and uniqueness of the strong solution to (1.1) follows from the
contraction mapping theorem in the usual manner. We now prove (2.3). Suppose
(w0, u(-)) € R"xUP[0, T is given and x(-) is the strong solution of (1.1). By assumption
(S2), |p(t,z,u)| < |e(t,0,u)] + L|z| for ¢ = b and o. Then by Burkholder-Davis—
Gundy’s inequality,

(2.5)

B| sup fo(s)]

< CE{\x0|ﬁ+ (/ |ds / lo(5, 2(s), u(s)) 2ds )

SIS

B8 t B8

<C’IE x| + /bsOu d.s /JSOu )2ds)* + /x32d32

{lzo® + ([ | ) | ds)” o+ (] le()ds)” }

<CIE{\$0]5 / |b(s,0,u(s ]ds / lo(s,0,u(s))] ds) + 3 sup |z(s )]ﬁ}
s€[0,t]

Note that the constant C' > 0 in (2.5) depends on 3 and the constant L from (S2) only,
2
not on the interval [0,¢]. By taking 6 = (2C') 8, we have

(2.6) E[sz%pé] |x(8)ﬂ

< 2C’]E{\x0]ﬁ+ / 1b(s, 0, u( |d8 / lo(s,0,u(s))] ds)

[NIIe

3
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Next, on [4, 20], similar to the above, we have

E[ sup |a(s))’]
s€[6,26]
26 g

20 <onflwp+ (| " b(s.0vu(s))lds) + ( | 1ots.0.ut)Pas)

8
+3% sup.elsag [2(5)17
where the constant C' in (2.7) is the same as that in (2.5). Hence, we obtain
E| sup o(s)/f]

s€[6,26]

(2.8) 26

26 8
< 2CE{Je@)+( [ s.0.uts)las) "+ ([ lols.0.u(s)Ps)
§ é
Since the step-length § > 0 will not shrink, by induction, we obtain (2.3).
Note that under (iii) of (S2), we have
(2.9) [b(t, 0,u)| + |o(t,0,u)| < 2L(p(t) + |u]).
So the second inequality (2.3) follows.

[NlisY

3

In the same fashion, we can prove (2.4). O

Note that for any u(-) € U?[0,T] (with 3 > 1), the right hand side of (2.3) is finite.
By assumption (S2), we have
{ [h(z(T))| < L(p(T) + [a(T)1)?,
|t 2(t), u(t)] < L(p(t) + ()] + |u(t)]).

Hence, combining Proposition 2.1 with the assumption on f and h, we see that for any
8 > 2, the performance functional vector J(u(-)) is well-defined on U?[0, T].

Note that
flo,T], B>2,
(2.10) L0, T;U) 2U°0,T), B <2
L3(0,T;U) =U%0,T), B=2.
So the performance functional vector J(u(-)) is also well-defined on Lg(O,T; U) for

B > 2. While we will focus on the admissible set 2/°[0,T] in this paper, all of the
results obtained in this paper for 2/°[0, T] also hold for LJBF(O7 T;U) with g > 2.

The estimate (2.4) show that although we might only have Z(-) € Lg(ﬂ; C([0,T;R™))
for u(-) € UP[0, T], the change of the state (the left hand side of (2.4)) is controlled by
the perturbation of @(-) to u(-). Here vy might be larger than .

From the estimates in Proposition 2.1, we obtain
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Corollary 2.1. Let (Z(-),u(-)) and (x(),u(-)) be two admissible pairs, and Ax(-) =
x(-) — Z(-). Then there exist a constant C' > 0 independent on u(-) and u(-) such that

17()loe,s < C|l12(0)

oos3 + 10l + 11 15]

(2.11)
1AZ()loo,s < C[HAx Moo,s +[1(2]2] +2p + |ul + |ul) Iturzay 2,5 |
1
where ||Z(0)||0,3 = { }ﬁ, and Iy qy(t,w) = 1 if u(t,w) = u(t,w) and 0 other-
wise.

Proof. The first inequality follows from (2.3) written in norms. To prove the second
inequality, we use (2.4). By assumption (S2), we have that for ¢ = b and o,

(2.12)  op(t, 2(t), u(t)) — o (t, 2(t), u(t))| < L[QP( )+ 212 + [a(@)] + [w)] | Turay-

By (2.4) in Proposition 2.1 with v = 3,

1
1820 lls = B[ sup |8at)f’]
€ )

SIS
Wl

(213) CIE[|AQ;(O)]5 + (/OT yAub(t,u(w)ydt)ﬁ + (/OT \Aua(t,u(t))\Q(t)dt)

< C[IATO)loe,s + 1212] + 2+ [l + [6) Ty l5]

|

3. REPRESENTATIONS FOR DIFFERENCE OF THE PERFORMANCE FUNCTIONAL
VECTOR

For given maps b, o, f, and h satisfying (S1)—(S2), we define the associated Hamil-
tonian as follows:

d

(3.1) HYt, x,u,p% qY) = At @, u) + pb - b(t,z,u 4—2261Z “t, @, ),
1=1
(t,z,u,p’,¢") € [0,T] x R" x U x R* x R"™*?, 1< /¢<N.

For any given admissible pair (Z(-),u(-)), we introduce the following system of linear
BSDEs:

(3.2) dp‘(t) = —HE(t, z(t), a(t), p'(t), ¢ (t))dt + " (t)dW (),
' pI(T) = hi(z(T)), 1<E<N,



546 Libin Mou and Jiongmin Yong

and
(3.3)

AP (t) = —{ HE,(t) + P (Db (t) + bo(t) P(1)
+ X0 [T PUL () + QUL + ot (M QL) fdt + XL, QL)aWi(t),
PT) = Wy (#(T)),  1<E<N,

where

) {bx@):bx(t,z(t),a(t)), oi(t) = ob(t,7(1),0(t), 1<i<d,

with {(p*(-),¢"(*)), 1 < £ < N} being the (unique) adapted solution of (3.2). We
call (3.2) and (3.3) the first and the second adjoint equations of (1.1)—(1.2), respec-
tively. We also refer to the adapted solutions {(p‘(-),q¢*(-)), 1 < £ < N} of (3.2) and
{(P*(1),Q%(-)), 1 < £ < N} of (3.3) as the first order and the second order adjoint pro-
cesses associated with (Z(-), u(-)), respectively. We have the following result concerning
the unique solvability of (3.2) and (3.3).

Proposition 3.1. Let (S1)—(S2) hold and (Z(-),u(-)) be an admissible pair with u(-) €
UP0,T) (B > 1). Then (3.2) and (3.3) admit unique adapted solutions, respectively.
Moreover, the following estimates hold:

s
2

(SIS

<cfi+ (/OT a(s)Pds) * .

5 B sw wol] e[ [ e P

t€[0,T]

d 8
2

(3.6) IELGSE%?T]\PE(t)\B] +;E[/OTQf<t)\2dt] gc{1+ (/OT\a(s)Pds)

SIS

Proof. By the definition of H’, we have

Hy(t,2(t), a(t), p(1), ¢ (¢))

(3.7) —(4\ & ‘ . (g () ¢ Clp =4\ -
= by (t, 2(t), u(t))p’(t) + > ob(t, T(t), u(t))gf (t) + fL(t, T(t),u(t)).
i=1
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Hence, by (S2) and [6], we can find a unique adapted solution {(p’(-),¢’(-)), 1 < £ < N}
to (3.2). Moreover,

E[ sup #(0)°] + B / Copal

< C]E{\hi(f(T))W—f— (/OT|f£(t,x(t),u(t))|dt>5}
<ofrempup v [ (o0 + o)+ o))}

< 0{1 +IE(/OT |a(s)|2ds)§}.

This proves estimate (3.5).
Next, by (S2), we have
Mo (2(T))] < L,

3.9
& HE O < L(1+1p°0)] + 16" (1)),

Hence, by [6], we have the existence and uniqueness of adapted solution to (3.3). More-
over,

ELSE&F’T]'M“‘“;E( T/O Qi Pan
<cR{pLEm)P+ ([ o)’}

w0+ [ [ (0o +1eon)a]’)

N
T B
[1+1E(/0 (o)) *].

This proves (3.6). O

(3.10)

<C
<C

We point out that for N > 2, when the admissible pair (zZ(-), u(-)) is given, BSDEs
(3.2) consists of N decoupled BSDEs. However, when (a(-)) = (u1(-), -+ ,un(-)) is,
say, a Nash equilibrium, then the corresponding optimality system will be a system
of forward-backward stochastic differential equations (FBSDEs, for short), in which
all the components will be coupled through the necessary conditions satisfied by the
components y(-) of u(-). We will see this clearer later. The same remark applies to
BSDE system (3.3).

Now let (zo(-),us(-)) be another admissible pair. Our first main result gives two
representations for the difference J(us(-)) — J(u(-)) in terms of the Hamiltonian and
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adjoint processes associated with (Z(-),u(-)), as well as other relevant expressions. To
state the result, let us introduce the following notations:

Az(t) = 2-(t) — 2(1),  te[0,T],
ADK(T) = W (@(T)) — H'((T)),

(3:11) ALRU(T) = AhY(T) — h(@(T)" Ax(T),
AZH(T) = ALW(T) — S AT B, (#(T)) A (T)

and

(3.12) AL H(t) = Ay H (t) — HY

The definitions of A%, f(t), Ak b(t), and Ak, o%(t) (with k = 0,1,2) are similar to the
above.

Lemma 3.1. Let (S1)—(S2) hold. Let (Z(-),u(-)) be any admissible pair, whose asso-
ciated Hamiltonian is H, and the associated first and second order adjoint processes
are {(p(-),q"(-)), 1 < £ < N} and {(P*("),Q ()) 1 <0< N} Let (2=(-),uc()) be
another admissible pair. Then for each 1 < /{ <

(3.13)

d
_ E{AW(T) + /O [A?WH%) + aslt)” (POALNE + Y Ql(0AL'D)

d
o 3 (A% (T PUOAL O (1) - Aa()T o (0 Pt (1) Aa()) |at

s
Il
-

where o (t) is the same as in (3.4).

We refer to the first equality in (3.13) as the first order representation, and to the sec-
ond equality in (3.13) as the second order representation, respectively, for the difference

J(ue(-)) = J(a(-))-
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Proof. By (1.2), we have (note (3.11) and (3.12))
T (ue () = J(a(-))
T
(314) = B{W@(1) = W @(T) + /0 7t et), ue(t) = F(k (), ()| dt |

—E [AW / AO FE() dt}

Now we let {(p(-),¢"(:)), 1 < £ < N} be the adapted solution of (3.2). From (1.1), we
know that

(3.15) d[Az(t)] = A% b(t)dt + AV o(t)dW (1), Ax(0) = 0.
Applying 1t6’s formula, we have (note (3.12))
(3.16)
E[hf(@(T)) - Ax(T)| = B[p(T) - Ax(T)
T .

=B [ [~ 230,505 0.0°0) - Aalt) + ' )+ Zqz INPROI
=7 = HE 20,0005 00, (0) - Aalt) + AL (1) — mff(w} dt

) |
= E / " Al — AL ()]

) |

Hence, by (3.14),

T ()~ J(a(0) = B[ ALK (T / AD, (1)
(3.17) :E[Alhf( ) + (@ / NN,

Alhf / AL H(t)

(
Next, we let {(P‘(:),Q%()), 1 <
3

proving the first equality in (3.13).
< ¢ < N} be the unique adapted solution of (3.3).
Denote the drift term in (3.3) by R(t). By Ito’s formula and equations (3.15), (3.3),

)7
)
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we have (with ¢ suppressed)

E [Ax(T)Thﬁx(z(T))Ax(T)} —E [M(T)TPE(T)AQ;(T)}
g [ {(Ag;)TR’fo +2(Az)T PY(AL, b)
0

d

d
+22 (Az)T(Q) (AL, o) + Z(Aguai)TPf(Aguai)}dt
i=1

= ]E/T {(Ax )" R Az + 2(Az)" P' (b, Az + A],b)
0
d
+QZ A:U Qé 0Ax+A1 Z TPZAO i}d
(3.18)
o et o s
(e @
+2(Ax) [PgAl b+ZQfA91m l} Z )T PLA i}d
= ]E/ Z TPE z}Aaz
d
+2(8a) [P‘Al b+Z@fAiu T4+ 30,007 Pa,o bt
i=1
Hence,
(3.19)

T (e () — J4@(-)) E[Alh‘f / AL HY(1)
= B{ AZR(T) + 5 An(T)T b, (2(T)) A(T)

+ /0 ' {Awa@(t) + %Ax(t)THﬁx(t)Am(t)}dt}
— B{ A1) + / ! (82,1 (1) + Ax(t)T (PU(H)ALb() + i QlHAL' (1))
0 =1

d
v 5 2 (A% (TP OAL0 (1) = Aa() ol (1) P (1) (1) Aa() | dt }.

=1

This proves the second equality in (3.13).
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4. A VARIATIONAL FORMULA FOR THE PERFORMANCE FUNCTIONAL VECTOR

In this section, we will obtain a directional derivative for J(-) at a given admissible
control process u(-) € UP[0,T] in any given “control process direction”. We will make
this clear shortly. Since U is not necessarily convex, one has to consider spike variations
of u(-). Let

(4.1) ggé{Gg [0, 7] ‘ Il st},

where |G| stands for the Lebesgue measure of G. Let v(-) € U°[0,T]. Let G. € G. for
€ (0,1). Consider the variation

(4.2) u(t) 2 {““)’ t€Ge,

u(t), otherwise.

Let Z(-) and z-(-) be the state processes with Z(0) = z.(0) € R" corresponding to
the controls @(-) and uc(-). Let {(p°(:),¢’(-)), 1 < £ < N} and {(P%,Q%),1 < ¢ < N}
be the first order and second order adjoint processes associated with u(-), determined
by (3.2) and (3.3), respectively. Define for (¢,u) € [0,7] x U,

He(tu) = AyHY (tu) + & zf . Auai( )Tpf(t)Aua (t,u),
(4.3) AuH?(t, u) = Hf(t,:f(t) w, (1), ¢ (1)) — H* (¢, 2(2), a(t), p"(1), ¢ (1)),
Ayo'(t,u) = o' (t, 2(t), u) — o' (t, (t), u(t)).

Compare the notations here with those in (3.11) and (3.12).

Theorem 4.1. Let (S1)—(S2) hold and 3 > 3. Let (z(-),u(-)) € Lg_-(Q, C([0,T],R"™)) x
UP[0,T] and v(-) € UP[0,T] be given above. Then there exists a family {G. € G.} for
e € (0,1) such that the variation u.(-) defined in (4.2) satisfies

£ ue()le—o= lim glE (D)

:IE/ HMU

Recall that under (S1)—(S2), if U is convex, and all the maps involved are also
differentiable in w, then by usual convex perturbation, one can show that the map
u() — JY(u(-)) is Gateaux differentiable, and the directional derivative in the direction
of v(-) is linear in v(-); see [2] and [4]. Now by making spike perturbation, which is
applicable for general U, we obtain the above “directional derivative” which is not
linear in the “direction” v(-). Hence, the above “directional derivative” is significantly
different from Gateaux directional derivative.

(4.4)
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A similar result was proved in [12] under the assumption that

(4.5) sup B|u(t)[* < oo, VEk > 1.
0<t<T

Ideally, one should be able to prove (4.4) for u(-) € U?[0, T] because the optimal control

is well-posed in this space.

The proof of Theorem 4.1 is divided into two parts. In Part I, we construct G, € G.
that satisfy the second equality in (4.4). Then in Part II, we show that the resulting
spike variation wu.(-) satisfies the first equality in (4.4) as well.

For Part I of the proof, we need the following lemma.

Lemma 4.1. Let o, 3; € [1,00), ¢; > 1,i=1,2,--- |k, and ¢ € (0,1). Then for any
Gi(-) € LE(Q; L%(0,T; RY)), i = 1,2, -, k,

(4.6) inf max ]E‘/ t qpl() -

GeGe 1<i<k

where I(+) is the characteristic function of G.

The proof of the above result is essentially the same as a result found in [9]. For
readers’ convenience, we present a proof here.

Proof of Lemma 4.1. Since 1;(-) € L%(Q; L%(0,T;R%)), for § = e%*1, there exists a
process 1% (+) of form

(4.7) W) =3y, 1<i<k,

with0=tg<t1 < - <tpr1 =1, {’: being ftj—measurable, such that

Bi

(4.8) ZE( / () — (o) de) ™ < &

Note that we can always choose the partition {¢;}o<j<n+1 independent of i =1,--- | k.
Now we let

(4.9) U tit; +e(tjvr —tj)].

Then |G| =€T. Thus, G € G, and

(4.10) /OT (1 ~ 'Ti(t))wf(t)dt - znjgf [(tj+1 ) - W} —0, as
j=1
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Hence, for each 1 <1 <k,

IE‘/ 1—7 Z-(t)dt

—5| [ (1- D)0 - st

Bi

(4.11)
1\ Bi  (ei=1B; S b
<(1+2)" "= E(/ [94(6) — w3 (1))
B (0;-1)8; (a;=1)8;
< (1—1—%) T o 6=1+e)bfT = e
By letting ¢ — 0+, we obtain (4.6). O

Proof of Theorem 4.1 (Part I). In this part we construct G € G, for ¢ € (0,1) that
satisfies the second equality of (4.4). Denote by vy (-) and 7(-) the following processes.

o(t) = 2p(t )+2!:r( )|+ (@) + [o@)];

(4.12) _1+Z(|p )|+ I )]+]Pf(t)\+\Qf(t)\),

where p appears in assumption (S2). We claim

(4.13) o(), (), Auo (-, 0()) € LE(9: L*(0, T5 R)),
H(-, () € LR(Q; L0, T; ]R))

Indeed, by (2.3) or (2.11), we know that ||Z(-)||oc,3 < C. So Proposition 3.1 and
(4.12) imply that ¢o(-),n(-) € Lﬁf(Q;LQ(O,T;IR)). By assumption (S2), for ¢ = b and

g,

1) [Bup(t0(6)] = (1. 7(0),0(0) = olt,2(1). 7)) < (t).
Ay He(t o(®)] < L(o(t) + [p“ ()] + lg“ (1)) o ().

It follows that
[H(E,0(t)] < C(to(t)” + In(t) ZIAuU t,v(t))]?|PA(t)]

(4.15)
< C[wo(®? +n(®)? + [P/ D) ot ]

Since # > 3, by (3.6) in Proposition 3.1 and the fact ¢y(-) € L?_-(Q;LQ(O,T; R)), we
obtain

IE/ &) PP D)ldt < B sup [P4(1) r/ o (1) 2dt

(416) te[0,7)

< [Bsuwicon PP [B( [ wotorar) ] <o
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This, combined with (4.15), implies that H(-,v(:)) € L%(€; L' (0, T; R)).

By Lemma 4.1 (or its proof) applied to H’(-,v(-)) and 1o(-), we obtain the existence
of G¢ € G. for € € (0,1) such that

T
(4.17) E [ H(t,v(t)dt =e / HE(E, v(t))dt + o(e),
Ge 0

B
(4.18) IE( ¢0(t)2dt) 2 < Ce
G

B
2
)

(N

T

where C' = ]E(/ wo(t)2dt> + 1. Clearly, (4.17) implies the second equality of (4.4)
0

for G.. O

Now we prepare to go Part II of the proof of Theorem 4.1. Let ¢y and 1 be defined
in (4.12). For ¢ > 0, define

Ye(t) = 2p(t) + [2(E)] + |z ()] + [a(t)] + uc(t)].

We will see that 1.(-) appears many times in the proof of Theorem 4.1, Part II. We
need the following technical lemma.

Lemma 4.2. Let the assumptions of Theorem 4.1 hold. Choose G, to satisfy (4.17) and
(4.18), and let I.(t) be the characteristic function of G.. Let z.(-) be the state process
with x.(0) = Z(0) corresponding to u.(-) defined in (4.2). Let Ax(-) = z-(-) — Z(-).
Then for a € (0,3] and v > 0,

(4.19) ]ELes[lépT } \Ax(t)ﬂ < Ce3.
(4.20) E[t:[%pﬂ@(mx(t)\w] = o(1).

Moreover, for A = 0,1 and 61, 05, 05,04 with

0<601,09,03,04; 01, 02, 61 + 02 < 2,

(4.21) 0104, 0204, O304, (61 + O + 05)04 < 3,

the following holds.
T 0 Al1-22 :

(4.22) E(/ wg(t)eln(t)(’?\Am(t)|93fg‘(t)dt) ! :0(1)%945[ (1 2)*? :
0

where o(1)%204 = o(1) if A20, > 0, and by convention, o(1)° = 1.
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Proof. By (4.18), ||Yol:||2,8 < Cez. Then by (2.11) with Az(0) = 0 and u(-) = u.(-),
we have
1
1AZ()lloo,s < ClI2[Z] + 20 + |u] + [v]) e]l2,p < CllthoLe]l2,5 < Ce>.
This shows (4.19) for a = 3. For a € (0, 3], we have that

el sy 1asor] < [E( sup 1astof)]” < st

For (4.20), we may assume that v = 1 since @ ()" is just another modulus of conti-
nuity. For each § > 0, there exists a constant K5 > 0 such that @ (r) < § + r°K; for
all » > 0. It follows that

E sup @ (|Az (t)]) <E sup {(5 + Ks|Ax (t) \ﬁ} <0+ CK(;E%
0<t<T 0<t<T

Choosing § small enough and then letting € be sufficiently small, we obtain (4.20).
Now we prove (4.22). Note that if 61, 62, 63, 04 satisfy all of the strict inequalities in

(4.21), then by Holder’s inequality we have (with ¢ suppressed)
(4.23)

T 61,0 RN 0 4 01 02 x 0.\ %
IE(/ Yiin 2| Ax|7 1L dt) < IE( sup |Az] 3/ Piin 2L dt)
0 te0,T] 0
6164 264 2-01—65

SEKmeﬂAwwx/*@m@Q(/iﬁmo%(/ﬂmo291
0 0 0

A(2=01-09)04 036 216016 21026
<e 2 [[Az|[ 3275 eI 2|5 [InI2]]5%5" -

However, with the convention (-)° = 1, (4.23) holds for all 0y,6s, 603,04 in (4.21). Now
we estimate the terms in (4.23). By (2.11) and (4.19), ||z¢||oo,3 < C. By (4.18) again,

l|10le|2,8 < Ce3. Thus
1eLellz,s = 1120 + |2] + [ae| + [a] + [0) LIz,

< |lJwelelll2,8 + |[Yolel|2,8
(4.24) < ||l loo,5|G2|2 + Ce? < Che,
|[nell2,5 = o(1),
|[Ye +nll2,s < C.
The inequalities in (4.24) can be combined as, for A =0 or 1,
(4.25) eI lop < Ce2; |In12]]2,5 = o(1).

Substituting (4.25) into (4.23), we obtain (4.22):

T 04 A<1—M)64+i394+,\‘1194
IE(/ 1/)517792|Ax\0316)‘dt> <Ce : : o

0. 0
= o(1)*P1¢ [/\< _72)+73]04.

0204
(4.26) o
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We are ready for Part II of the proof of Theorem 4.1.

Proof of Theorem 4.1 (Part II). For convenience, we rewrite (3.13) below
(4.27)
(e () = J* @l

()
T d
—e{AZn(1) + /O A2, 1 (1) + Aa()T (PUOAL(E) + ; QlHALI' (1))

o Z( o' ()" P(t )A?cucr"(t)—Aa:(t>Ta;(t)TPf(t)a;(t)Ax(t))]dt}.

We list the following claims:

(4.28) E[AW( )] = o(e).
T
2 Z = ¢ u, ole).

(4.29) ]E/ A2 HY( dt—]E/O Ay H (b e (8))dt + o(2)

T d
(4.30) E / Ax(t)T[Pf(t)A;ub(t) +ZQ§(t>A;uai(t)}dt: o(e).

0 i=1

E / o' (1) P4 (1) A0,0%(1) — Aa(t)" o} ()" P (1)0r (1) (1))t

(4.31)

") / Ao (11 (8))T PLE) Ao (¢, e (£))dE + o(c).
0

If the above are all proved, then (4.27) becomes

Pue) = IO = [ [, )
+3 Z?:Tl A (6,102 (6) P (£) Ayer (8, e (1)) d + ofe)
=E [ H'(t u(t))dt + ofe)
= E/ HE(E, v(t))dt + o(e).

Here we used the fact that H’(t, uc(t)) = H*(t,v(t))I-(t). This implies the first equality
n (4.4).

(4.32)

We now prove (4.28)—(4.31).
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Proof of (4.28): We note that
(4.33)

AZRYT) = h(2(T)) = B (2(T)) — hy(2(T))" Ax(T) — %Ax(T)Thix(:f(T))A:c(T)
1
= [ [P+ A8a() = o a(T)] An(T)aA— G AT e (0(T) Aa(T)
/ / Ax(T)'Re (2(T) + \uAx(T ))Ax(T)dud)\—%Am(T)Thix(f(T))Ax(T)
x ¢ T — A)xe —ht (z x .
= Aa(T)" [/0 A(ReaONB(T) + (1= Nae(T)) = b, (2(T)) ) dX| Aa(T)
Hence, by assumption (S2), (4.19), and (4.20) with v = % to obtain

EAZK(T)] Lo
(431)  <E@(AxD)Ax(D)P) < {E[@(ax@)|| 7} 7 [Elax(D)]
B B=2

< ce{B[a(ax(n)]"7} 7 = o),
which proves (4.28).

Wl

Proof of (4.29): Recalling the definitions (3.12) and (4.3) of A2, H(t) and A, H (¢, uc(t)),
we have (suppressing ¢ and (p’, ¢*) when it is clear)

AZH () = AuH (1 ue ()]
= |H" (2, uc) — H(z,u) — Hy(2,u)" Az — %(Ax)Tfo(j,ﬁ)Ax
—H (7, u:) + H(z, )|

- / HY(F + \Az, u)dA — H (3 a)}TAa: _ %(Aw)THf,m(:E,ﬂ)Ax‘
(4.35) H/ (HZ (T + NAz,u.) — H x(aj+)\A33,ﬂ))d)\}TAx
+[ / (Hf;(g:« + Mz, a@) — HY(z, a))dA}TAx - %(Az)THﬁm(a?, a)m‘
0
_ ’ {/1 (Hﬁ(f + Mz, u) — Hi(Z + M, a))d/\}TAa:
0

+(A33)T[/01)\(HZ OE + (1 — Naw, @) — HY (7, ))d)\]TAx’.
Since
HEG (1, N2(8) + (1= Nae(8), 5(6), (1), 4" (8)) — HEy (8 2(8),0(t), (1), ' (1)
< [1+ ()] + 0] @(1A()]) < nOE(A D)),

(4.36)
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by (4.20) with v = 5%5 and (4.22) with (61,65,63,64,)) = (0,1,2,5,0), we have (note
B> 3)

]E/T‘ Az)T /1A<Hf (OZ + (1 — Nae, @) — HE (, *))dA}TAx‘dt

<E 5(|Az(t) |Az(t)\2dt§]E[ sup G(|Az(t)]) Tn(t)|Ax(t)|2dt]
437 0 s T te[0,T] 5 é)

SELSE&% a(laa)™s] * (B[ [ nwlsera]’)”

3
- (1)(53)" = o(e).
Also, by (4.22) with (61, 602,03,04,A\) = (1,0,1,1,1) and (0,1, 1,1, 1), respectively,

T
IE/ ‘ / Hf (& + Az, ue) —Hf;(:umx,a))dx} Aw‘dt
(4.38)

<CE /0 (1) + O] Ax(OIL(1)dt < C[e5 + o(1)e] = o).
Combining (4.35)-(4.38), we obtain (4.29).

Proof of (4.30): In fact, we have (suppressing ¢)

A2 b(1)] = [b(2e, ue) — b(Z, @) — ba(T, W) Au|
— [b(@e, ue) — b(we, @) + [b(ae, @) — b(E, 1) — by(, W) Ad]|

(439)  _ Hb(ma,ua) _ b(%,a)] L+ [ /0 1 (bm(;;; +AAL, @) — bx(:i,a)>d)\]TAac’

< Clwa®L(t) + [Aa(b)?].
Similarly,

(4.40) AL (0] < Clun()1(1) + | Ax()?].

Hence, by (4.22) with (01, 609,0s,04,\) = (1,1,1,1,1) and (0,1, 3,1,0), respectively, we
have

T d
B [ an [Poatam + Y Qlale o]l
=1
4.41
) <c| / Ve (OB Az ()| L (1) dt—HE/ (1) At
= Clo(1)e + 2] = oe),

proving (4.30).
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Proof of (4.31): We let

Ri(t) 2 AY,0' (1) — Ayo (¢, uc () I () — o' (

(4.42) = o' (we, ue) — o' (Z,0) — 0 (Z,uc) + 0" (Z,1) — 04(Z, W) Az

~
S~—
>
8
—~
Nt

xT

1
= / [afc(f + Mz, u.) — ol (Z,a)| Azd.
0

By assumption (S2), |R'(t)] < 2L|Az(t)|. Therefore we have (with arguments sup-
pressed)

T
]E/ ’(AguU)TPEAguai — (6. Az)TPfol Ax — (Ayo)) T PY(Ayo?) I |dt
0
T
<E / )(Auailg + ol Az + RYTPY (AL o' 4 ol Az + RY)
0

(4.43) —(olAz)' Ploi Ax — (Ao PYAL0") I |dt

< ]E/OT |P!| [zyAuaq (|a;m;\ n |Ri|)15 n (2|U;A:U| n |Ri|) |Ri|}dt
< E/Tn[ﬁng\A:L‘HE +4L|Ax||Ri|}dt.
0

To finish the proof, another bound for |R(t)| is needed. Rewrite R'(t) as follows.
(4.44)

. L , , , T
R'(t) = / [a;(i‘ + Az, u:) — 0o (T + ANz, u) + 02 (T + Nz, u) — o4z, ﬂ)} Azd.
0
For a fixed 7 € (0, min{( — 3,1}), by assumption (S2), we have
(4.45) |0l (Z + NAz, ) — 0 (Z,q)| < min{2L|Axz(t)|, L|Az(t)|*} < 2L|Az(t)|"F.
Thus, by (4.44) and (4.45), we obtain another bound for R%(¢):
(4.46) RI()] < 2L (|Az(t)|L(8) + |Ax(t)[ 7).

Substituting (4.46) into (4.43), and using (4.22) with (61,62,6s,04,A) = (1,1,1,1,1),
(0,1,2,1,1) and (0,1,2 + 7,1,0), respectively, we obtain

T
IE/ ‘(Agua)TPeAguai — (6L Ax)TPPoi Az — (Ayo))T PY(A o) I |dt
0

T
(4.47) - CE( /0 [wg(t)n(t)\ Az(t)] [E(t)+n(t)|Ax(t)|2Ig(t)+77(t)|Ax(t)\2+r] dt)

< Clo(1)e + €2 + 52+TT] = o(e).
This proves (4.31). O
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5. PONTRYAGIN TYPE EXTREME PRINCIPLES

In this section we apply the directional derivative formula established in the previous
section to optimal controls and equilibria of differential games.

We first look at the case N = 1, i.e., the classical stochastic optimal control problem
which can be stated as follows.

Problem (C). Find a(-) € 480, T] such that

(5.1) J@() = min (),

Any a(-) € UP[0, T] satisfying the above is called an optimal control of Problem (C),
the corresponding state process Z(-) is called an optimal state process, and (Z(-), u(-)) is
called an optimal pair. The following result is referred to as Pontryagin type maximum
principle, which is a set of first order necessary conditions for optimal controls. For
optimal controls satisfying (4.5), the maximum principle is proved in [12]. Assuming
more restrictive growth conditions for f and h, the maximum principle is proved in
[17]. See [3], [5], [7], [10], [13], [14], and [18] for related works.

Theorem 5.1. Let (S1)—(S2) hold with N = 1. Suppose (-
control with f > 3. Then there exist (p(-),q(:)) and (P(-),
(3.3) (with N = 1) such that

(5.2)

H(t,0) S H(t, 2(0), v, p(t), g(t)) — H(t, 5(2), a(t), p(t), g(t))

€ U0, T) is an optimal
(.

)
Q(-)) satisfying (3.2) and

13 A T A ,
+5 [cﬂ(t,z«(t),u) - aZ(t,z(t),a(t))} P(t) [aZ(t,z(t),u) - az(t,j(t),a(t))} >0,
=1
Vv e U, a.e.t € [0,T], P-a.s.,
that is,
(5.3) min H(t,v) = H(t,u(t)) =0, a.e. t € [0,7T], P-a.s.

velU

Proof. Let us suppress (t,Z(t), p(t), q(t)). For any v(-) € U”[0,T], by Theorem 4.1, we
have
(5.4

)
o<k [ {0 -H )+ S [ () ~o"(@(t))|

"R [0 (1)) o (1)) bt

Now if (5.2) fails, then there would be a vy € U such that for some § > 0, the set
K2 {(t,w) € [0,7] x © ‘ H(t, v0,w) < —5} C[0,T] x Q,
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has the property that

T
/ P(K,)dt > 0,
0

where
K, = {w €0 ‘ (t,w) € K} cF, telo,T).
Now we let
NPT L
u(t,w), otherwise.
Clearly, v(-) € U”[0,T], and with this v(-), we have a violation of (5.4). O

Putting the corresponding state equation, the first and second adjoint equations
together, we obtain the following optimality system for an optimal control:
(5.5)

d d
+3° [T P (0) + Q)i (1) + ob (0T Qu(1)] at + S Qi(awi(o),
=1

s
I
—

Note that the above is a coupled forward-backward stochastic differential equation
(FBSDE, for short), with the coupling presented in the last minimum condition.

Next, we consider the case N > 2. This is an N-person stochastic differential game.
There are a lot of situations in the area that one can discuss; see [1] for a general
exposition. Here, we only consider the so-called non-cooperative differential games,
namely, the ¢-th player in the game would like to minimize his/her own cost functional
J(u(-), regardless of other players’ cost functionals. To make it precise, let

u(-) = (u1(-), -+ un (),
with
ue(-) € UP[0, T) 2 L(Q; L2(0, T;Uy), Uy CR™, 1<(<N.
For notational convenience, we introduce

A
(ug,v) =(ug, -+ ,Up—1,V, U1, ,UN), 1</¢<N.

Then Player ¢ selects wuy(+) € Z/If ‘10,7 to minimize the functional
() = T g(),v()) = T (), uea (), 0() uesa (), un ().
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Obviously, J(u(-)) not only depends on u(-), but also depends on ug(-), k # £. Hence,
the optimal control/strategy of Player ¢ depends on the controls/stragies of other play-
ers. Therefore, we need to introduce the following notion.

Definition 5.1. An N-tuple a(-) = (a1(:), - ,an(:)) € Hé\;l Uf‘f[O,T] is called an
open-loop Nash equilibrium of the game if the following holds:

(5.6) Jha()) < Jage), 0()), Vo) €U0,T), 1< L <N,

Similar to Theorem 5.1, we have the following Pontryagin type maximum principle
for Nash equilibria of the N-person stochastic differential game.

Theorem 5.2. Let (S1)~(S2) hold. Suppose a(-) = (a1(-),--- ,an(-)) € [To-, U0, T
is a Nash equilibrium of the game with each 3, > 3. Then there exist {(p’(-), ¢*(-)), 1 <
¢ < N} and {(P*(-),Q%(")), 1 < £ < N} satisfying (3.2) and (3.3) such that

H(tv) 2 HE (8, 5(1), w6(8), 0,07 (1), ¢ (1)) — H(E 2 (2), a(t), p(t), q(t))

1 o o T,
61 ta |07 (1, (), w6 (1), v) = o' (8,2 (), u(t) | PA(E)
o (1, (), 15(0), v) - o' (1, (), u(t)| = 0,
Yv € Uy, a.et € [0,T], P-as.,, 1 </ <N,
that is,
(5.8) 1{21{2 HE(, a5 (t),v) = HEAL a(t)) = 0, a.e.t € [0,7T], P-a.s.

The proof is very similar to that of Theorem 5.1, because for any 1 < £ < N, when
ap() (k # £) are given, uy(-) is an optimal control problem with the state equation
(1.1) in which u(-) = (@$(-),v(")) and cost functional J*(u§(-),v(-)). Hence, Theorem
5.1 applies.

We point out that condition (5.7) gives couplings among (i (-), p’(-), ¢(-), P(-)) for
different 1 < ¢ < N. Similar to the case N = 1, we may also write down the optimality
system for (z(),a()), {(p'(),¢"(), 1 < £ < N}, and {(P*(),Q"()), 1 < £ < N}.
Due to the minimum condition (5.8), it is not hard for us to see that the optimality
system is not decoupled (with respect to 1 < ¢ < N). In fact, if for given for ¢t € [0, 7],
(uq(t),--- ,an(t)) is a solution of (5.8), then we expect that
(5.9)
ﬂf(t) = (I)E(tvi‘(t)vpl(t) T apN(t)a ql(t)a e 7qN(t)a Pl(t)7 e 7PN(t))7 l= L.+, N.
Therefore, plugging the above into (1.1), (3.2), and (3.3), we obtain a couple system of
FBSDEs. Solving that system will lead to a candidate for the Nash equilibria of the
game. We prefer to omit the details here.
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Now let us look at an interesting special case: the two-person zero-sum differential
games. Thus, N = 2 and (1.3) holds. In this case, as we know that if (u1(-), u2(-)) €
UP0,T] x U2[0,T] is a Nash equilibrium, then

(5.10) %*mUaAD<J%mo (), Yui() €UP0,T],
JHar (), a2()) < J2(ar()ua(),  Vua() € Up?[0, 7).
Due to (1.3), we have (denoting J*(u(-)) = J(u(-)))

)
(1), 2() < T(ia (). () < Ta(). (),
(5-11) W(un (), ua() € UP [0, T] x U [0, T).

Therefore, (u1(-),us2(-)) is referred to as a saddle point of the game. For such a case,
we have the following result.

Theorem 5.3. Suppose (u1,us(+)) € Z/Ilﬁ1 [0,T] ><Z/{2ﬁ2 [0, T] is a saddle point with 31, B2 >
3. Then there exist (p(-),q(-)) and (P(-),Q(-)) satisfying (3.2) and (3.3) (with N = 1)
such that with

(5.12)
H(t,ur, ug) 2 f(, 2(E), ur, up) + plt) - b(t, (L), w1, up) + Z Gi(t) - o' (, (1), uy, us)
d
% > [ai(t, Z(t), u1, us) — o (£, 2(1), a(t))rp(t) [af(t, (), u1, us) — o (£, 2(), ﬂ(t))] ,

i=1
Y(ui,ug) € Uy x Uy, t €1[0,T],
the following holds:
(5.13) H(t,uy(t), ue) < H(t,ui(t),u2(t)) < H(t,ur,us(t)),
(ui,uz) € Uy x Us, a.e.t €[0,7T], a.s

The proof is pretty straightforward. We may refer (5.13) as a minimazx condition.

6. SUFFICIENT CONDITIONS FOR NASH EQUILIBRIA

In this section, we use the first order representation in Lemma 3.1 to prove a sufficient
condition for

N
a() = (), an() € [T [0,7]
(=1
to be a Nash equilibrium of the nonzero-sum game in Theorem 5.2. The proof follow
directly from a generalization of the sufficient condition for optimal control proved in
[17].
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We need the concept of partial subgradient. For a function ¢ defined on a convex
subset D of R™ x R™, the partial subgradient 0, of ¢ at (z,u) € D is defined as

au@(QT, ’LL)

61 Z {n € R™[n-y <lim, o4 supt|p(a,u + ry) — ¢(x,u)] for each y € R™} .

See Lemma 2.3, Chapter 3 in [17] for properties of 9,¢. We make the following as-
sumption.
S1*. The control domain U is a convex body in R"™.
S2%*, (i) The maps b, o, f and h satisfy (i) and (ii) in assumption (S2).
(ii) For almost all (¢,u,w) € [0,T] x R™ x Q, the map
T = (b(t7 a”:’ u’ w)’ G(t7 'CB? u7 w)? f(t7 x’ u? w)? h(x7 w))
is continuously differentiable with appropriate growths. More precisely, there exist a
constant L > 0, a process p(:) € Lﬁf(Q;LQ(O,T;IR)) (with 8 > 1) and a modulus of
continuity @ : [0, 00) — [0, 1] such that ¢ = b, and ¢ = f, h satisfy
02 (t, 2, u) = @o(t, @, u)| < Lo(|z — 2| + [u — ul),
< L(p() + 2] + 3] + Jul + [l ) (e - 7] + |u — @),
for all t € [0,T),z,7 € R" and u,u € U.
Now we prove

Theorem 6.1. (Sufficient conditions of optimality). Let S1* and S2* hold. Suppose
that u(-) € L%(0,T;U) with adjoint processes (p(t),q(t)) defined by (3.2) and u(-)
satisfies, for all t € [0, T,

(i) h(x) is convex in x and H (t,z,u,p(t),q(t)) is convex in x and u.
(i) 0 € OuH (¢, z(t), u(t), p(t), q(t))-

Then u(t) is an optimal control.

Proof. Let (Z(t),u(t)) be an admissible pair with %(¢) in Theorem 6.1 and (p(-), ¢q(-))
being the associated first order adjoint processes. Let (x(t), u(t)) be any admissible
pair.

Note that assumption (S2*) is sufficient for deriving the first order representation in
Lemma 3.1, which can be written as

J(u) ~ J (@) i
63  _p {Amh@(T» + [ — 1w — 1) Mdt} >

where we have dropped (¢, p(t),q(t)) from notations, and Az = x — Z. For example,
H(.’E, u) - H('f7 ’U,) = H(ta .Cl:‘(t), ’U,(t),p(t), Q(t)) - H(ta i(t)a a(t)ap<t)v q(t))'



A Variational Formula for Stochastic Controls ... 565

The convexity of h implies

(6.4) Ay :h(Z(T)) = h(z(T)) — h(Z(T)) — hy(Z(T)) - Az(T) > 0.
Thus, to prove that u is an optimal control, it suffices to show that for all ¢ € [0, T7,
(6.5) H(z,u) — H(Z,u) — Hy(z,u) - Az > 0.

The convexity of H(t,-, -, p(t),q(t)) implies that the functions
g(r) 2 LH(Z + rAz, 0+ rAu) — H(z, 1)),
g1(r) £ LH (3,0 + rAu) - H(z, 1)),

are increasing in r € [0, 1] (for each t). By condition (ii) and assumption (S2*), for a.e.
and a.s. (t,w) € [0,T] x Q, the following hold.

(6.6)

lim g¢;(r) exists and > 0,
r—0+

lim (g(r) — gl(r)> = lim ! [H(:E +rAz,u+ rAu) — H(z,u + rAu)

(67) r—04+ 7‘1—>0+ T
= li%1+/ H,(Z 4 rsAz,u+ rAu)Axds = Hy(Z,u) - Az,
rT— 0
lim g(r) = Ho(7,0) - Az + lim g1(r) > H,(7,7) - A

Recall that g(r) is decreasing as r — 0+. Therefore,
H(x,u) — H(z,u) =g(1) > g(r) > lir(r]1+g(7“) > H,(z,u) - Ax.
r—>
This finishes the proof. O
We remark that condition (ii) in Theorem 6.1 can be verified easily in certain cases.

Clearly if @(t) is a minimum point of H (¢, z(t), u, p(t), q(t)) for every t, then condition
(ii) holds; see Lemma 2.3 (iii) in Section 3.2 of [17].

On the other hand, if @(¢) is a minimum point of H(¢,u) for every ¢ € [0,T] (this is
the necessary condition in Theorem 5.1), then 0 € 9, H(¢,u(t)) (see Lemma 2.3 (iii) in
[17], Section 3.2). If, in addition, o(t,z(t),u) is C* in u with a > %, then we will have
that 0 € 0, H(t,Z(t), u, p(t),q(t)). So condition (ii) also holds.

Now a sufficient condition for the nonzero-sum game in Theorem 5.2 can be easily
derived.

Theorem 6.2. (Sufficient conditions of Nash equilibria). Let S1* and S2* hold. Sup-
pose u(-) = (u1(-), -~ ,un(")) € Hévzl Z/Ifé [0, 7] and (p’, ¢*) are the adjoint processes for
Player ¢, 1 < £ < N. Assume that

(i) h*(z) is convex in x for 1 < £ < N.
(ii) H (t, ,v,u§, p’(t), ¢*(t)) is convex in (z,v) for t € [0,T).
(iii) 0 € By, H'(t, 2(t), we, p'(t), ¢ (t)).
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Then u(-) = (u1(-),--- ,an(-)) is a Nash equilibrium point of the nonzero-sum game.

Proof. We apply Theorem 6.1 to J*(u§(-),v(-)) to conclude that v(-) = @(-) is an
optimal control of JX(@$(+),v(-)). O
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