Bubbling Phenomena of Certain Palais-Smale Sequences

of m-Harmonic Type Systems

LiBIN Mou AND CHANGYOU WANG

Abstract. In this paper, we study the bubbling phenomena of weak solution sequences of a
class of degenerate quasilinear elliptic systems of m-harmonic type. We prove that, under appropriate
conditions, the energy is preserved during the bubbling process. The results apply to m-harmonic maps
from a manifold Q™ to a homogeneous space, and to m-harmonic maps with constant volumes, and

also to certain Palais-Smale sequences.

81 Introduction and Main Results

The Palais-Smale (P-S) condition for a functional E is a natural assumption for the existence of
a critical point of E; this condition says that any Palais-Smale sequence {u,} (i.e., sup,, |E (un)| < oo
and ||DE (uy,) || — 0, as n — o0) has a (strongly) convergent subsequence. In many interesting cases
where Palais-Smale condition fails, people discovered the bubbling phenomena of certain Palais-Smale
sequences. Generally speaking, the failure of strong convergence is due to the loss of energy, and a
bubbling phenomenon refers that the lost energy was recovered (or captured) by a few bubbles (solutions
of the blow-up equation) developed during the limit process (or bubbling process). For references on
bubbling phenomena and related problems, see [SaU] [Jj] [Sm1] [Pt] [Q]] on harmonic maps on surfaces;
[BN] [Sm2] on semilinear elliptic equations, and [Wh] [BC] [Sm3] on H-systems, which describe surfaces

of constant mean curvatures.

Suppose (2™,g) is a Riemannian manifold. The space W™ (Q, R*) consists of all functions
u: ) — R* with finite energy:
En (u)z/ | Dul™ dg,
Q

where df) denotes the volume element of 2, often being omitted. Du = (Dul, e Du’“) is the differential

of u. We assume that m, k > 2 integers, and 99 = ().

We are interested in bubbling phenomena of minimizing sequences and Palais-Smale sequences of

the energy F subject to certain constraints. The Euler-Lagrange equation can often be written as

(1.1) —div (|Du|™ ?Du) = f (u, Du),

where u € W1™m (Q, Rk). We assume the following hypotheses.
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(H-I). f: R¥ x R™ — RF is a smooth function that can be written as:

q

(1.2) f(u,Du) = Z aq (u, Du) - Db, (u),

a=1

where a,, (,-) : RF x R™F — R™* and b, (): RF — R¥* are smooth vector-valued functions such that
la.(u, Du) | < C|Du|™ ™, [b(u)| < C

for some constant C. Here C' may depend on ||u| ... Componentwise, (1.2) becomes

k q m
i i 9 :
f*(u,Du) = Z Zaofj (u, Du) - @baj (u), i=1,..,k.

j=1a=1i=1

This assumption will be used, together with others, to show that f(u, Du) is in the local Hardy space,
better than L'. In a few interesting cases, this assumption naturally holds; see [Wh1] [Hf] [El] [MY]
[TW], and the examples below.

Equation (1.1) is understood in the weak sense: For all ¢ € C} (Q, Rk), there holds
(1.3) / |Du|""?DuD¢ = / f (u, Du) ¢.
Q Q

We assume that (1.1) is conformally invariant in the following sense.
(H-II) Suppose @ : (Q",h) — (2™, g) is a conformal diffeomorphism, then (1.3) holds with u replaced
by uo ®, ¢ by ¢ o ® and Q by QF".

Note that, since the energy fﬂ |Du|™ is conformally invariant, the Euler-Lagrange equation of
Jo |Du|™ subject to a constraint is conformally invariant in the sense of (H-II), as long as the constraint
is closed under conformal transformations. The m-harmonic map equations and the H-systems, defined
below, are two such examples. This property implies that the equation keeps the same form under

conformal transformations, especially under dilations and translations.

o0

We consider a sequence {u,},-, C Wh™ (Q, RF) satisfying perturbed equations of (1.1):

(1.4) —div (|Du”|m72Du") = f (un, Duyp) + hn, h, — 0in Wﬁl’mlv

Up — win WH™, but u 4 uin WH™,
The study of the convergence behavior of {u,} leads to the below-up equation:
(1.5) —div (|Du|™"*Du) = f (u, Du),

for u € Whm (Rm,Rk). This equation is obtained as a limit of the equations satisfied by properly

rescaled {u,} (see (4.5)). Here R™ plays the role of tangent spaces of 2. A nontrivial solution u of
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(1.5) is called a bubble. By the conformal invariance of the equation (1.5) and the conformal equivalence
of R™ and S™ under the stereographic projection, a bubble u is identified with @ € W™ (Sm, Rk),
which satisfies (1.5) on S™. Suppose u is regular (say C'; this is the case if div(a (u, Du)) = 0, by
Thm 2.6 and Prop 3.1 in [MY] , then @ is regular on S™ except at the north pole (of the projection).
Suppose f (u, Du) - Du = 0, then by Theorem 5.1 in [MY], @ can be extended across the north as a
regular solution on the whole S™. The value of @ at the north pole will be denoted simply by u (c0).
Note that both conditions div(a (u, Du)) = 0 and f (u, Du) - Du = 0 are naturally satisfied by the two
examples below. A unique property of the bubbles is a uniform lower bound for their energy. That is,

there is a p > 0 such that for any nontrivial bubble wu,

/ |Du|™dz > p.

It is well-known that for a weakly convergence sequence {u,} C W1 ™ (Q7 R’“)7 U, — u strongly
if and only if the energy converges: E,, (u,) — E (u), see [El] for example. Our main result describes
the convergence behaviors of certain weakly convergent sequences, and accounts for all the energy loss

with a finite number of bubbles.

Theorem 1.1. Suppose that (H-I) and (H-II) are satisfied. If {u,} C W™ (Q, R¥) is a sequence that

_m_
m—1’

satisfies (1.4) and for some p >
B, div (a (up, Duy,)) — 0in WP as n — oo,

then there exist a solution u € C" (Q,Rk) of (1.1), a finite number | of bubbles w; € C* (Sm,Rk), l
sequences of points {a%} C Q, | sequences of positive numbers {)\fl}, 1 <i <, and a subsequence of
{un}, still denoted by {u,}, such that

(1) ity o0 Ery (un) = By (0) + 320y By (w5),

L Ap A lag,—a|
(2) For i # j, max{)\i, N il [ 00 asn = 0o,

— 0 asn — oo.

3 |

o=l (o (5) )

We now apply this result to two examples: m-harmonic maps to a homogeneous space and m-

..

harmonic maps with a constant volume.

Application to m-Harmonic Maps

Let Q™ and N? be two closed Riemannian manifolds. Assume N is homogeneous, and isometrically
embedded into some R¥, k > 2. Denote by W™ (Q, N) the set of all v € W™ (€, R¥) with v (z) € N
for a.e. x € Q. Similarly, for a given u € W™ (Q,N), WLt™ (Q,T,N) denotes the space of all
v € W™ (Q, RF) with v (z) € T,,(,)N for a.e z € Q. An m-harmonic map is a critical point of E,, (u)
in WL™ (Q, N), which satisfies

—mE,, (u) = div (|Du|™ *Du) + |Du|™ *A (u) (Du, Du) = 0,
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, /
in W=t (Q,T,N) = Wol’m (Q, TUN)} , where m’ = -~ and A is second fundamental form of N in

m—1
R*.
A Palais-Smale sequence {u,} C W1™ (Q, N) of E,, then satisfies
limsup E,, (u,) < 00
and

—div (|Dun|m72Du) = |Dun|™ 2 A (up) (D, D) + hin,
where h, — 0 in W—bm' (9, RF) .
Under a slightly stronger condition on h,,, Theorem 1.1 implies the following
Theorem 1.2. Suppose that ) is a closed manifold, N is a homogeneous manifold and {u,} C
WLm (Q N) is a Palais-Smale sequence such that for some p > m/,

sup || ||y -1, < 00.
n

Then there exist an m-harmonic map u € C' (2, N) and a finite number [ of m-harmonic maps w; €
C' (8™, N), | sequences of points {afl} C Q, | sequences {)\;} of positive numbers, 1 <1 <[, and a
subsequence of {uy}, still denoted as {u, }, such that

(1) limy, 00 By (tn) = By (u) + Y, B (w3),

S Ay AL lap—ad
(2) For i # j, max{)\gb, N T T oo asn — oo,

=l (o (5) 1)

— 0 asn — oo.

3 |

e

The condition that h,, is bounded in W~1? for some p > m’ can not be droped, as shown by the
example in [Pt].

In a pioneer work, Sacks-Uhlenbeck first developed in [SaU] the blow-up method to study a per-
turbed energy functional. As an application, they obtained the existence of minimal immersions into a
Riemannian manifold. Struwe [Sm1] obtained a similar result for a class of solutions of harmonic map
heat flows on surfaces. Jost [Jj] described the bubbling process of a mini-max scheme for maps from
a surface to a closed manifold; see also the paper of Parker [Pt]. Bethuel [Bf] showed that the weak
limits of Palais-Smale sequences of energy of maps on a surface are also harmonic maps, but he did
not describe the bubbling process. Qing [Qj] described the bubbling behavior of certain Palais-Smale
sequences of maps from a surface to standard spheres. Our result can be considered as a generalization
of these results to higher dimension cases. In a forthcoming paper [Wc|, the second author proves the

same result as Theorem 1.2 for maps from a surface to a general compact manifold V.

As a corollary, we obtain the strong convergence of certain Palais-Smale sequences.

Corollary 1.3. Suppose that 2 is a closed manifold, N is a homogeneous manifold and {u,} C

WLm (Q, N) is a Palais-Smale sequence satisfying the conditions in Theorem 1.2. Then there exists a
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subsequence of {u,} strongly convergent to an m-harmonic map u € C' (Q, N), provided any one of

the following conditions holds:

(1) If limsup,, ., [o, |Dun|™ dz < [, |Du|™ + p, where > 0 is the largest lower bound of m-energy of

non-constant m-harmonic maps from S™ to N.

(2) N supports a strictly convex function f, namely, there exists a number ¢y > 0 such that
Hessian (f) > coh,

where h is the metric on N.

Application to m-Harmonic Maps with Constant Volumes

Let Q C R™ be a smooth domain. An m-harmonic map v € Wh™ (Q, Rm'H) with constant volume
is a critical point of fQ | Du|™ subject to constant volume enclosed by the cone generated by w (2) with

vertex 0 € R™*!. The volume can be expressed as

1
V(u)zi/R U-UL A A U,

m+1

where uj A -+ A Uy, is the cross product of derivatives u; = g;ﬁ.

An m-harmonic map with constant volume satisfies the equation
(1.6) —div (|Du|™2Du) = Huy A+ A U,
for some constant H. See [MY] for details. It has been noticed that the right hand side
f(u,Du) = Hug A+ Aty
can be written in the form (1.2). Specifically, we have

3] (ul,...,ui,...,um“)

i 1)+l
f _H( 1) a(xla'“axm)

uz+1

m
=y
=1 8xl ’
where i = 1,...,n + 1 (u"*? = u!), and

0 (ul, ey ut, it ...,um‘H)

il i+l
=H (-1
“ (=1) O (T, ey @1y Ty

It is easy to check that

div (ai) = Z 88(1 =0

for any u € W™ (R™, R™*1); see [Db]. In the case Q = R™, Wh™ (S™ R™*1) can be identified with
whtm (Rm, Rm+1) through the stereographic projection 7 : R™ — S™. Suppose u satisfies (1.6) on R™,

5



then and u o 7 also satisfies (1.6) on S™ \ {north pole}. By the regularity results in [MY], both u and
wom have to be regular (C1*, 0 < o < 1) on R™ and on S™ respectively, and u(co) = uom(north pole)

esists. We state a result of application of Theorem 1.1 to the case = S™:

Theorem 1.4. Suppose {u"} C W™ (8™, R™1) is a bounded sequence of solutions of
(1.7) —div (IDun|m—2Du) _ HU{L A-ee A u:Ln + R,

with h™ — 0 in W1, asn — oo, for some p > —=—. Then there exist a solution u € ot (Sm, Rk) of

(1.6), a finite number [ of bubbles w; € C! (Sm,Rk), | sequences of points {afl} C S™, | sequences of
positive numbers {)\;}, 1 <4 <, and a subsequence of {u,}, still denoted by {u,}, such that

(1) iy, oo By (tn) = B (w) + Y0y B (w5)

(2) For i # j, max{:\\zﬂ, ii, ‘i:;iil} — 00 asm — 00
3|

w = Siy (w0 (52 ) — i (00)

— 0 asn — oo.

[

Remark. In the case 9Q # ), bubbling phenomena also occur and can be described in the similar
manner as in Theorem 1.1. In such a case, one has to include bubbles on the half space (or equivalently,
on the unit ball B, through a conformal transformation), which are solutions of (1.5) on Rt x R™~1
(or on B, resp.) and constant on BT x {0} (on OB, resp.). For some equations, there are no nontrivial
bubbles on the half space (or the unit ball) and then conclusions of Theorem 1.1 hold for © with or
without boundary. This is the case for (1.6) when n = 2, where Wente [Wh2] proved that the only
solution of —Au = 2u; A ug in VVOI’2 (D,R3) is 0, where D = {x € R?: x| < 1}. Wente’s this result
was used in the paper of Brezis and Coron [BC], which established the bubbling phenomena of solution
sequences {u"} C Wy (D, R?) satisfying Au™ = 2uf Auf + f* with f* — 0 in W2, For harmonic
maps on a disc with constant boundary values, Lemaire proved that they must be constant [Ll]. It
would be interesting to know whether the results of Lemaire and Wente hold in higher dimensional
cases. For example, suppose u € WhH™ (B,Rm+1) satisfies (1.6) (or (1.1)) and u = g—z = 0 on 9B,
where B = {x € R™ : |z| < 1}. Is w = 0?7 This is closely related to the unique continuation problem for
m-Laplacian equations.

The idea of proof for all these Theorems is based on two steps: first, we prove the so-called e-
compactness lemma which is a consequence of the e-continuity estimates; second, we study the problem
about bubbles over bubbles and show that there is no energy concentrating in neck regions (to be

specified below in Sections 2, 3, 4).

The paper is organized as follows. In §2, we prove the e-continuity estimate. As a corollary, we
prove the regularity of the solutions being considered. In §3, we obtain an e-compactness lemma and
some comparison lemmas that are necessary for the proof of Theorem 1.1. In §4, we prove the main
results, by analyzing the concentration density of the energy, using various estimates we obtained in

Sections 2 and 3.

Since we only consider the cases without boundary, all the needed estimates are of local version.

For this reason and for simplicity, in Sections 2 and 3, we assume ) is a smooth domain in R™ with
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standard metric. As for notations, constants are generically denoted by C or C;; they may change from
line to line. We will denote by o(1) a quantity or a sequence that goes to 0 as the variable (index) goes

to infinity. B,(z) denotes the ball in R™ centered at x and of radius r; B, = B,.(0).

§2 e-Continuity Estimates

The hypothesis I on f is used to show that f (u, Du) is in Hardy space H{. .. For the definition and
properties of H] . (Q, R) and BMO(R™, R), please see [Ss] or [CLMS] and the references there. Here

we have

Proposition 2.1. Suppose u € WH ™ (Q,Rk) such that
h = div(a (u, Du)) € WP

for some p > m’. Then a (u, Du) - Db (u) € H_ (2, R*). Moreover, for any compact subset K CC ,

there is a constant Ci such that

(2.1) la (. D) - Db (W) lls sy < Crc [I1Dull g + [R5y

Proof. This was essentially proved in [CLMS]. To trace the estimate, we sketch the proof. Take
a ¢ € C5°(R™, R) such that [, ¢ = 1 and spt(¢) C B(0,1). For given K CC Q, z € K and
r < d(z,09), we define ¢, (y) = r~™¢ (2=2). Then by integration of parts,

m

[a (u, Du) - Db (u)] x ¢ (z) = / [a (u, Du) - Db (u)] (y) ¢r (y) dy

_ / NOOEION It / (b =bw),,)alu.Du) Do, = I+ 11.

Here b (u),, = {3 () (u). We estimate I and IT separately.

1] < Crmm+D) / Du™ b (u) — b (), , |
BT(I) '

1
s

< oM (1Dul® D) (@) M (IDuf*)* (@),

where ¢ and s are chosen so that 1 < ¢ < m/, s = nf:f;, and 1 < s < m. Here M (f) is the local

maximal function defined by

M(f) (x) ZSUP{|BT1($) BT(I)|f|5Br($) CQ}~

By the isomorphism theorem of A : W) — W~=2? we find an H € W (Q2, R*) such that
AH = h with [|H| ., <C HBHW,LP. It follows



= / (b (u) — b(u)w) AHg,

=~ [ DHDb(u) e, - / DH (b(u) = b(u),,) Do,

R'HL

m

Therefore,

e [ pm|pd+ et [ H ) - b, |
r(z) Br(x) 7
=I1IT+1V.

For IV, choose 1 < ¢ < p, 1 < s < m such that s = Then

m+q

v < c|mi (\pH) M (

ol

As for II1, take 1 < a < m and 3 = o/ such that m’ < 3 < p. Then

1 1
IIT < CM (|Du|*)= M (|DH|")"

By the Hardy-Littlewood maximum theorem (see Stein [Se|), Holder inequality, and the definition

of [|[[341 (), we have

lla (u, Du) - Db (u)[|31 x

< c/ |Du|’”+0/ |DH|m +C/ (DH?)™

m'/p p\ ™ /P
<clpulo+ci( [ mp) v ([ aronp)?)
K K

< C|Dully a0+ Cx [1Pllw—1.s -
]

It was proved in Toro-Wang [TW] that any m-harmonic map to a Riemannian homogeneous space
has Hélder continuous gradient. The same result was shown in [MY] for the solutions u of (1.1) that
satisfy (H-1) and div (a (u, Du)) = 0. Now we prove an energy decay lemma, which will be used to show

CY continuity of solutions u of (1.4).

Lemma 2.2. Suppose u € W™ (Bm, Rk) is a solution of
(2.2) —div (|Du|™ 2Du) = f (u, Du) +h, with h = div (a (u, Du)),

where f satisfies (H-1) and h,h € WP for some p > m/. Then there exist positive numbers €, 0 < 1,
Du|™ < €, then

ag < 1 and Cy, independent of u, such that for every x € BT and r < i, if me
2

(23) [ pdm <o [ 1w oIl + R ]
B, (z) By, (z
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Proof. For given x € By and r < 1, take n € C} (Ba, (2),[0,1]) such that n = 1 in B, (z). Denote
A(z,r) = By, (z) \ By (z) and uy 0, = JLA(x,r) u. Multiplying (2.2) by ™ (v — ugz,2-) and integrating,
we get that

(2.4)

|Du|™2Du - D (n™ (u — Uy or)) = fu, Du)n™ (u — ug 2r) + / h™ (w— ugor) =1+ I1.
B By B1

Denote E(u,2r) = [ Bow () | Du|™. By Poincare inequality, Holder inequality and the definition of BMO,

we have
1™ (u = ug.20) 1. < CE(u,2r);
[0 (= 20) | g0 < € (B(u,20)™ < Ceo;
|/ n" (U—Uz2r|<CTm1 / 0 (u—tgor) |™
" Bay (x
1/m
</ By, (x ux,2r)) |m>
< Cr™ (E(u, 2r)) < Ce.
It follows
(2.5) II] < Cllhllyy =1 (3, ) 17 (@ = U 20) |y,

1
<C Hh”W*lvm/(Bgr(a:)) (E(u7 2T)) "

< Ceo [|hllw-1m" By, (2)) -

In order to estimate I, we define f (u, Du) = (E(u,2r))"" f (v, Du) and pick up a p; € (m/,p).
Then Lemma 2.1 implies that f (u, Du) € HL . (B1) and for K = spt (1) we have

(26) "f(U,DU)"Hl(K) S C(E(u,Zr))_l [/ ) |Du|m + HBHgflym(Bzr(z))
2r (T

<C+C(E(u,2r)) ' ||h||W_1*p1(Bzr(93)) '

Then we have

I = E(u,2r) / f (u, Du) ™ (u — ug 2,

B1

:E(u,?r)/mn(f(u,Du)—u)nm 1(u—ux27«)

+ pE(u, 2r)/ ™ (U — Uy 2r) -

m



Here 1= [nf (u, Du) / [ 1. Use Proposition [S] in [TW] to conclude that n (f (u, Du) — ) € H' (R™)
with
197 (0 20) = 1)y gy < € (14 17 D )
<C [1 + (B(u,2r) " [R50 (Bzr(x))] .
1l < O™ 1 s D)y

By the duality of H' and BMO, I can be estimated as follows.

(2.7) [I| < CE(u,2r) |[n (f (u, Du) = p) ||, (|07 (w = vz 20) || paso

/Tlm (U - uac,2r)

< CeB(u,2r) + Cel[Rl[fn 10 (5, o -

+ |plE(u, 2r)

For the left hand side of (2.4), we have

/ N | Du|™ +m nmlen|Du|m72Du (U — ug o)
Bl Bl

2/ \Dul™ — C |\ Dul™.
B, A(z,r)

Here we used Holder and Poincare inequalities. Use Hélder inequality for the h and h terms in (2.5)
and (2.7) and combine (2.4)-(2.7). We obtain

/ \Du|™ < c/ |\ Du|™ + Ceo/ \Du|™
B,.(z) A(z,r) B, (z)
+ Ceg ”hHrVTIL/*l»P(Bl) rao,

ap = min {m (% - l) ,m (l/ - ﬂ') } Add C’fBr(m) |Du|™ to the above inequality. We have

m p b1 p

/ |Du|m < 00/ |Du|m + CEO |
BT(l) B?T(JJ)

< 1, if we choose €y < 5. Hence (2.3) holds. [ |

iL, hHW’l’P(Bl) Ta07

where 0y = Cgffo

Theorem 2.3. There exist positive constants ey, 6o < 1 and Cy such that ifu € W™ (Bm7 Rk) satisfies

the conditions in Lemma 2.2, and fBl |Du|™ < €, then u € C% (B, R¥) and ||UHC50(Bl/2) < (.

Proof. For every 2 € By and r < 1, if we define F (z,r) = [, @) |Du|™ then Lemma 2.2 implies that

F (z,r) < OoF (x,2r) + Creo,

where C' depends on p, py, €, ’|7L7h||w—1m(31)' By Lemma 8.23 in Gilbarg-Trudinger [GT], there are

numbers Gy € (0,1) and R < %, such that for all r < R,

F(z,r)<C (;)ﬁ F(z,R) + (%)““.
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By the Morrey’s decay lemma (see Morrey [Mc]), u € C% (31/2) for 69 = min{ag, Sy} and
HUHC%(BI/Q) <. [ |

Corollary 2.4. Suppose u € WhH™ (Q, Rk) is a solution of
(2.2) —div (|Du|™ 2Du) = f (u, Du) +h, with h = div (a (u, Du)),

where f satisfies (H-1) and h,h € W1 for some p > m’. Then there exists a positive number &, such
that for every u € C*%(Q, RF).

Proof. For every point in £, say 0 € Q, we take a small number r > 0 such that fBT |Du|™ < €f* as
in Theorem 2.3. Consider u,, € W™ (By, R¥) defined by u,(z) = u(rz). Then u, satisfies (2.2) with
f being replaced by f(u,, Du,) and h by r"™h with fBl |Du,|™ < €. Therefore, Theorem 2.3 implies
that u, € 050(31/2) for some &y. So u € C% (By2)- C1% regularity can be obtained by considering
the equation satisfied by Du, as explained in [MY]. ]

We end this section with a sufficient condition for strong convergence of Palais-Smale sequences.

Proposition 2.5. Let {u,,} C W™ (Q, R¥) be a sequence satistying (1.4). If u,, — u in L{S, (Q, R¥),

then u,, — u in VV&)’;” (Q, Rk). In particular, u is a solution of (1.1).

Proof. Tt suffices to prove that {u,} is a Cauchy sequence in VVli)Cm . In order to do that, let & be any
cut-off function in €. Multiplying both equations of u,, and u; by €2 (u,, — u;) and subtracting one from

the other, we get

(2.8) /Q (|Dun ™ Dy — | Dt ™2 D) D (€ (1 — ur)) = /Q (e — ) €2 (up — 1)

+/Q (f (unaDun) - f(ulaDul))§2 (un - ul) .

It is easy to see that the right hand side satisfies

|RHS| < th - thW*lvm’

52 (un - ul)”wl,m
+ (1Dl + [1Duall) [[€2 (un = w)]] o -

— 0,as n,l — oo.

Therefore, by the convexity of integrand and the strong convergence of w, in L™ (see [HLM], for
example), the left hand side of (2.8) > [, [Du, — Dw|™ +0(1) (as I,n — c0). It follows

/ |Du,, — Duy|™ — 0,as I,n — oo.

r

§3 e-Compactness Lemmas

This section consists of some preparatory lemmas for the proof of the main Theorem 1.1.
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Lemma 3.1. Suppose the hypotheses (H-I) and (H-II) hold. Then there is an ¢y > 0 such that if
{u,} ¢ W™ (B™, R*) satisfies

(3.1) —div (|Du, ™ 2Duy,) = f (un, Duy) + ha,

with both h, = div (a (un, Duy)), |Anly-1m — O, SUPHEmhnHW—l,p < oo for some p > m’ and
fBl |Dun,|™ < €, then w, contains a subsequence that converges to u in I/Vli)cm (Bl,Rk). u €
C' (By, R*) and satisfies (1.1).

Proof. By passing to a subsequence, we may assume that u,, — v weakly in W™ and strongly in L™.
By Theorem 2.3, for any 0 <7 <1, |[un|[csy(p,) < C1 for some dy and Cy independent of i. Therefore,
by Arzela-Ascolli’s compactness theorem, we can extract a subsequence of {u, } (denoted by {u,}) such

that u, — u in C° (BT, Rk). Now apply Proposition 2.5 to get the conclusion. [ |

We will compare the energy of the solutions to (1.4) with the energy of m-harmonic functions. First,

we calculate the energy of the m harmonic function on an annulus with constant boundary values.
For 0 < Ry < R», let A(Rl,Rg) = {.13 eR™: R < |J)| < RQ} and 8A(R1,R2) = 8331 U 6BR2.

We have

Lemma 3.2. Suppose that u € W™ (A (Ry, Ry) , R*) satisfies

(3.2) div (|Dv|™ 2Dv) =0, in A (R, Ra),
u|aBRl = a,
u|aBR2 = b.

Here a and b are constants in R*. Then

— pm
(3.3). / [ Do|™ = |a7|m—l
A(R1,R2) (log %)

Proof. From the convexity of fA(Rl o) | Dv|™, we know that the solution of (3.2) is unique. Since the
values of v on boundary are constant, we consider the radial solution v (z) = v (Jz|). Then the equation

of v becomes

1
(3.4) " (r) + ;v' (ry=0,
v(Ry) = a,
[ (Rg) =b
It follows v (z) = C + lobg*gQ log |z| for some C' and
b

R
[ = [ et
A(R1,R2) Ry

_ <|ab|>mlog Ry
= = =2
log Ry

12




Lemma 3.3. Suppose f satisfies hypotheses (H-I) and (H-II) and u € W™ (Q, R¥) satisfies
—div (|Du|™ ?Du) = f (u, Du) + h

with h = div (a(u, Du)), h € W~ for some p > ——. There exist ¢ > 0 and C such that if
Jo | Du™ < €f*, and for ©; CC Q, define

—diV(\Dv|m_2Dv) =0,in Qq;

vlan, = ulaq,-

(3.5) [1Dully, 0, < C DI, o, + C Rl -0

m, m,

Proof. Multiplying both equations of u and v by u — v and subtracting them, we get that

(3.6) /Q (|Du|™ 2Du — |Dv|"™*Dv) D (u — v) = A h(u—wv)+ A f(u,Du)(u—v)=T+1II.

With the identification of h with AH for H € WO1 P by Holder inequality and Sobolev embedding

theorem, we have

1] < c/ IDH||D (u— )|
(951
< CDH]py g, 1D (u— )]

m,Ql

<C HhHW*lvm'(Ql) 1D (u— U)||m,sz1 :
Let &€ € C§° (22, R) be such that £ =1 on Q. Then again by Proposition [S] in [TW], we have
=1 [ faDeu=)]

< CIIf (u, D) = ellygs oy 16— 0ll 10 + 1 /R lu— |

< (IDullzng, + [l ) 1D (= )0, -

m,

Here p = (f 5)71 [ &f (u, Du), and we used Sobolev inequality and the fact that |u| is less than the
Hardy norm of f (u, Du). Therefore (3.6) implies

1D (=)l g, < C (1Dl 0, + 1B bl ) 1D (0= ), -

ie.,
(3.7) 1D (u=o)ll5rgh < C (IDuly o, + |5 All-1)

m,Q

13



On the other hand,
IDullp g, <277 (ID (w = v, + IDvln g )

m,Q; — m,$2 m,Qq

Using (3.7), we get

-1 -1 7 m’
IDullq, < ClDully g, + ClDvIm g, + C Al

1)
Choose €y small enough, then (3.5) follows. [ |
Finally, we give the proof that the energy of bubbles has a lower bound.

Proposition 3.4. Suppose that (H-I) and (H-II) are satisfied.

p = inf {/ |Du|™ :u: S™ — R" is non-constant solution of (1.5)} > 0.

Proof. Suppose ;1 = 0, then by its definition, there exists a sequence of non-constant solutions {uy,} :
S™ — RF such that [, [Du,|™ — 0. By the regularity results in [MY][TW], {u,} are C** with
[lun||cre < C with 0 < a < 1, C independent of i. Since u,, are not constant, there exist {p,} C S™
such that |Duy| (p,) # 0. Using the conformal invariance of m-energy, we can assume, by composing u;
with suitable conformal transformation of S™, that |Du,| (p) = 1 for some fixed p € S™. By passing to
a subsequence, we can assume u, — u in C' N W™, This implies that « =constant and |Dul (p) = 1,

a contradiction. [ ]

84 Proofs of Main Theorems.

Proof of Theorem 1.1. Without loss of generality, we assume that there exists v € W1 ™ (Q,Rk)

such that u,, — u weakly in W™ and strongly in L™. For clarity, we divide the proof into four steps.

Step 1. Define the concentration set ¥ C Q by

¥ =Nrso {J;EQ:liminf/ |Dun|m>€6n}7
n—oo B, ()

where € is the same number as in Theorem 2.3. It follows from a standard argument that X is a finite

subset of Q; see [SaU] or [TW]. Furthermore, for any xg ¢ ¥, there exists ro > 0 such that

hminf/ |Duy,|™ < €.
By (o)

n—oo

Thus the e-compactness Lemma 3.1 implies that a subsequence of {uy}, still denoted by {u,}, satisfies
. 1,m
un — win Wig?" (B, (20)) N Cloe (Br, (20)) -

It follows
Up — win WE"NCL . (Q\3).

loc

14



In particular, u satisfies the equation (1.1) on 2\ ¥ and so on Q (isolated singularities are removable).
By the regularity results in [TW][MY], u is C*% on Q.

Step 2. As in Brezis-Coron [BC], we define, for 0 < é; < %min {d(z1,2;):2<i<I},

(4.1) Qn(t)= sup / | D, |™.
x€Bs, (z1) Jx+tB1

It is easy to see that there exist sequences {a}} (C Bs, (#1)) — 21 and A}, — 0 such that

(4.2) Qn (AL) = / | Du,|™ = ﬂ.

al 471 B, 2
Define the rescaling functions by
Up ()\;)71 (Q\{aL}) = RF by v, (2) = up (a), + Ah2)

then by conformal invariance of the energy,

(4.3) / |Dv,|™ = / | Duy, |™.
AL\ {al]) Q
(4.4) / | Dy, |™ < 0,
Bi(x) 2
for all x € R™ and with equality when x = 0. Moreover,
(4.5) —div (|Dv, ™2 Dwy) = f (Un, Dvn) + (ML) ha.

From (4.3) to (4.5), Lemma 3.1 applies to v,,. We have for some w; € W™ (R™, R¥),

(4.6) va = wy in Gl NWT (R™, RY) .

m
— %

In particular, [, [Dwi|™ = %-.

get bubble solutions w; : S™ — R* and sequences {a},} — z;, and A, — 0, as n — oo, such that

So wy is a nontrivial bubble. Repeating this process to zs, ..., z;, we

(4.7) Uy, (al + i) — w; in CO N W™ (R™, RF) .
Step 3: Define w,, = u, — 22:1 {wi (_—a”) — wj (oo)}, where oo denotes north pole in S™ and ;\—?” =

()\%)_1 exp;; (). We claim that

l
4.8 /Dwnm:/Dun"— / Dw;|™ 4+ 0(1).
(4.8) Q\ | Q| | ; le \ (1)

15



In fact, for 0 < § < 2 min{d (z;, ;) : i # j} we have

(4.9) / | Dw,, |™ :/ | Dw,, |™ +/ | Daw,, |™
Bg(%,) B i Bé(xi)\BRi)\;il (a;:z)

R; N} (af,)

=I+1I
1/m Note that w; and w; have disjoint supports for j # i. It follows by a change of variables,
(4.10) / |Dw;|™ =0(1).
BRiA% (a:‘l)

Hence

(4.11) 1:/ ~ [Duw,|™

BRi)\il(a%)
D (un — w; <._.a")>’ +o0(1)
An

‘/BRi)\y;L (ad)

:/ D (un (ai + N) — wp) ™
BRi

On the other hand, by local strong convergence of u, (a}, + A%-) to w; in W™, we have the following

identity (see page 11 in Evans [El]) provided that R; is chosen to be sufficiently large.

(4.12) / 1D (wy, (al, + Xo+) — w;) |m:/ |Duy, (al, + \%+) |m7/ |Dw;|™ +0(1).
BRi BRi

Br;
(4.9) - /B

It follows from (4.9)-(4.12) that

|Dun\m—/ |[Dw;|™ +0(1).
) o

i (ay,
RM;L( n

(4.10) I :/ | Du|™ _/ |Dwi|™ + 0(1).
Bp i (ah) ™

K3
n

On the other hand, for j # 4

n

(4.14)

—al c—add N\ ™
o (2 < (59
A Bs(xz;) An

g/ |Dw;|™ = o(1).
R™\B__;

J
Sy,

/Bé (Ii)\BRiA;:L (a:‘L)

We choose R; sufficently large so that
(4.15) / \Der|™ = o (1)
R™\BRg;

16



(4.14) and (4.15) imply that
(4.16) 71| < / |Dun|™ + 0 (1) .
Bs(#:)\Bpg, i (a})

Combining (4.10) with (4.16), we get, for 1 < ¢ <[, that

(4.17). / | Dw, |™ = / | Duy |™ — / | Dw;|™ 4+ 0(1).
By (x4) Bs () m

On Q\ U!_, Bs (x;), we have u,, — u in W1™. Which implies that

(4.18) / | Dw, |™ :/ |Dun|™ + 0 (1)
Q\Ui_, Bs (1) Q\Uéle,;(xi)

So, the combination of (4.17) and (4.18) implies the claim (4.8).

Step 4
Case 1: If lim, oo [, [Dwn|™ = [, |Dul™, then we already conclude that w, — u in W™ (Q, RF).

Otherwise, we have

Case 2: limy, o0 o [Dwn|™ > [, [Du|™. Let X1 C Q be the set of concentration of w,. In fact, from
(4.18) we know that ¥y C . We assume that 1 = {1y, -+, 2y} for some 1 <" <[. Pick x; € ¥y,

then we have

(4.19) limsup lim | Dw,|™ = €* > 0.

t—0 "% JB ()

1/m Define @, for w,, then there exist {a,"'} C B;(z1) and {\;'} C R such that

(4.20) Qn (1) = \Duwy|™ = min{ G-, 01
AT QAL gm " 272

It is easy to see that AbF1 > Al and ALF! — 0 (otherwise, there exists A\g > 0 such that

m
/ Du, ™ < 9
x1+AgB™ 2

which contradicts with (4.19); moreover, al?

%1). We define wy, : ()\ﬁj‘l)fl (Q\ altt) — R* by w), (z) = w, (a7 + ALF12), as in Step 2. Then

— x7 (otherwise, there exists concentrate point outside

(4.21). sup

/ |Dw!,|™ = sup/ | Dw,,|™ < 0.
no SR TH(@\al ) n Ja

(4.22) / |Dw},|™ < min {G;, 6;} , Vo € R™; with equality for x = 0.
Bi(z)

We may assume that w), — w1 weakly in Wli;cm (Rm, Rk). We now prove the following

17



Claim (1): For 1 <14 </,

M N~ al
(4.23) max{ AT g } —

(2): wl, = w4 in Wli)’cm (Rm7 R’“) and w41 is a non-trivial bubble.

Proof of the Claim: It sufﬁces to prove (4.23) for ¢ = 1. Suppose it did not hold, there would exist
R < oo such that R~! < 2u— <Rand las, +il+1‘ < R. Then

/ D < [ D™
at Pttty al +(R24+2R)AL By

:/ 1D (un (@} +AL) —w) ™
Br2yor
-0,

which contradicts to (4.20). So (4.23) holds. To prove the Claim (2), we consider the two cases of
(4.23).

Case (a): There exists M > 0 such that

I+1 1 I+1 I+1 1 I+1
. _ a, —a A a, —a
(424) either M ! < < s |n7n — 00, Or n__, 0, |”7?|
Ab AL 4 AL AL AL 4 AL
n

In this case, (altt + MM Br) N (a) + ALBgr) = 0 for large R > 0. Therefore,

l+1 +1 m
/ le( ot )‘ <[ bl <o),
Br A Rm\BR

/ |Duy, (abt + ALFL) |™ < min { 6; Eg } +0(1),Vz € R™, with equality for z = 0.
Bi(z)

and

So we apply lemma 3.1 to conclude that wu, (aﬁj‘l + /\ﬁj‘l.) — w41 in W1 o (Rm Rk) for some w41 :
R™ — R*. which is a bubble.

la}\i"‘ < M. For the simplicity, we assume that

alf! = al = x;. Then, for all @ >0 and 1 <i <1

l+1 a + )\l+1 m m
(4.25) / Dwi< ¥ )‘ é/ 1y [Dwil™ = 0(1),
R™\B, n R""\Bwlnﬂ/,\%( = )

)\ l
which implies

/ |Du,, (ab™ + ALFL) |m§min{2,€;}+0(l),VxeRm,
Bi(z)\B

with equality at z = 0. Again, by Lemma 3.1, we get u, (alt* + ALt) — wiqq in W1 " (R™\ B,) and

wy4+1 is a non-constant solution, which extends to R™ by letting a — co. Moreover, for any R > 0,
(426) / |D (wn (aijl + )\,lnj‘rl) — wl—‘rl) |m = / ‘D ('U)n (ai.jI + A,lr;‘rl) - wl—‘rl) |m + 0(1)
Br B,
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R m
- /B () ’D (w” s ( N ))‘ o).
axy, n

On the other hand, for 8 > 0

(4.27) / |Dw,|™ =0(1),
Bﬁ)\}l(a}l)

l—‘rl m
T ay m __
Duwi 41 <)\51+1 ) ’ = /B |Dwi+1]™ =o0(1).

I+1
AL /abt

(4.98) /
Bﬂ,\}L (a3,)

Therefore, if we denote A (al, BAL, aXiF) = B, i (ar) \ Bax: (ay,), then

(4.29)
1D (wn, (aht + ML) —wig) ™ = D|w,—w i +o(1)
5 n \%n n o I+1 - n 1+1 )\H-l .
R n

A(al,BAL,aXG)

We choose a so small and 3 so large that

(4.30 [ D =o). [ 1D @i~ e 0) " = o(1).
B OBq
(4.31) / 1D (un (@}, + A1) — wy (00)) [™ = 0(1).
dBp
Then
(4.32) / 1D (wy, (al + AFL) — ) ™ = / |Du,|™ + 0 (1),
Br A(al,BAL,aX )

If we define v, on A (a}, BAL, aAL™)

n’

(4.33) —div (|Dv,|™?Dv,) =0,

Vp = Up, on A (ai,ﬁ)\}l,a)\ﬁfl) .

Then, from lemma 3.3, we have

(4:31) / Dufm < D™+ C s
A(ah BA.020") A(al BN, ax )
In particular,
(4.35) / D (wy, (alt + ML) —w)|[™ < C/ |Dv,|™ +0(1).
Br A(al,BAL,aXG)
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Now, we define f,, and g, on A (a}l,ﬁ)\}l,a)\ffl) by

(4.36) —div (|Df,|™"?Df,) =0,
fn = Up — W41 (O) ,on 8Ba)\ln+l (a;)

fn = un —wi(c0) ,on OBy (ay,) .

(4.37) —div (|Dg,|™?Dgn) = 0,
gn = Wi41 (0) , on 6306)\?1 (a}l)

gn = w1 (00), on dBgx1 (ay,) .

Then, from (4.30)- (4.31) and Proposition 3.2, we have, with A = A (a;,, AL, aX),

(4.38) /A|Df"|m _ 0(1)’/A|D9"‘m _ w1 (00) — w1 (0) |m.

By the minimality of v,,, we know that

/ D, ™ < / IDf "+ / |Dga |
A A A

It follows from (4.38) and AiH1 /AL — oo, for fixed a and 3,

(4.39) |Dug|™ = 0(1).

-/A(a}L BAL )

Now (4.39) and (4.35) imply
/ |D (wn, (aifl + )\ifl-) —wig1) " =0(1)
Br

This completes proof of the claim. We can repeat this argument for w, near other points in X; to
get bubbles w; : R™ — R" and {a} C Q, M, C Rfor [ +1 < j <1+ such that (2) in Theorem
1.1 holds and (4.8) holds with [ replaced by I + ', wy (af, + M-) — w; in Wli)’cm (R™, R¥). Since
each w; : 8™ — R* has at least energy p, this bubbling process terminates after [%} times, where
C = lim, fﬂ |Du,,|™. Notice that the argument keeps all energy during the bubbling process. The

conclusions of theorem follow. [ |

Proof of Corollary 1.3. Suppose the conclusion were not true. Then, from theorem 1.1, there exists
at least one non-constant m-harmonic map w : R — N such that lim,, fQ |Duy |™ > fQ |Du|™ + p,

which contradicts to the assumption.

(2): In this case, we will show that any m-harmonic map w from S™ to N is constant. In fact, if f is

the given convex function on N, then we have the following chain rule (see, Jost [Jj]):
(4.30) div (|Dw|™ D (f ow)) > co|Dw|™.
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Then we integrate this inequality over S™ to conclude that E,, (w) = 0.

Proof of Theorem 1.2. We start by recalling that on a Riemannian homogeneous manifold (for
details, we refer to Helein [Hf] or Toro-Wang [TW]), that there exist ¢ fields Y, (1 < a < ¢) and ¢
smooth killing vector fields X, (1 < o < ¢) on N such that for any y € N and v € T, N, we have

:Z<X

a=1

In particular
q

|Du,,|™ 2 Du,, = Z | Dty |2 (Dttyy, X () Ve () -
a=1
1/m Note the property of X, (1 < o < g) that for 1 <a <gq
(4.31) —div (|Duy |2 (Dun, Xa (un))) = (hn, Xa (un)).

Therefore, we can write the m-harmonic equation as
q
—div (|Du,|™ 2 Duy,) = Z Py X (1)) Yey (1)

<|Dun‘m 2Dun7on (un)>Ya (un)

M@ i

1

Q
Il

Il
:|

i (Un, Duy) by () -

Since h,, — 0 in WP for some p > —= and X, Y, are smooth in u, it follows that hp — 0in W12

for some p* > ™. The conformal invariance of the m-harmonic map equation follows from that of
Jo |Du|™. Therefore, the conditions of Theorem 1.1 are satisfied, and so the conclusions of Theorem
1.2 hold. [ |

Proof of Theorem 1.4. In this case, we already observed in §1 that f = Huj A+ - - Au,, can be written

as
m auiJrl

Fi= Zail’ o

with div (ai) = 0. Moreover, the blow-up equation is conformally invariant. In particular, conditions

of Theorem 1.1 are satisfied and hence the conclusions follow. [ ]
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