Uniqueness of Energy Minimizing Maps
for Almost All Smooth Boundary Data

LIBIN H. MOU

Abstract. Here for a smooth bounded Euclidean domain {2 and a smooth Riemannian
manifold N, we show that almost every smooth map ¢ : 92 — N serves as boundary data
for at most one energy minimizing map u :  — N [Theorem 5.2].

We also obtain some uniform boundary regularity estimates for energy minimizers
[Theorem 2.1], which not only are important to our proof, but also imply some other

properties of energy minimizers [Corollaries 2.6-2.9].
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1. Introduction

We suppose that Q is a bounded C%® domain in R™ and N is a C*® compact
Riemannian manifold without boundary, and consider ¢ in C%%+(9Q, N), the || ||c2.o
closure of C3(992, N) in C%%(9€Q, N). We construct a finite measure p on C*“*(9Q, N)

which has positive value on each nonempty open subset of C%2T(9Q, N), and prove that

For p—almost all ¢ € C**T(9Q, N), there exists at most one minimizer of the energy
Jo IVul?dz among {u € L*?(, N) : u|oq = ¢}.

So in particular, the nonuniqueness set Z consisting of all ¢ € C%%*(9Q, N) each
of which serves as boundary data of at least two different energy minimizers is of first

category.

It is well known that if u1, ug € L12(Q, N) are energy minimizers with same boundary
data, and if N is of nonpositive sectional curvature and u; and us are homotopic, or if
the images of u; and uy are contained in a same geodesic ball, then u; = us. See [HR],
[SR, Theorem 2.10] and [JK]. Without such assumptions, F. Almgren and E. Lieb [AL,
Theorem 4.1] proved that the boundary data having unique energy minimizers are actually
dense in H! (0%, N).

But in general, energy minimizers do not have uniqueness. For example, R. Hardt
and F.H. Lin in [HL2] gave a ¢ € C%%(S%, S?), which serves as boundary data of two
energy minimizers uy, us € L1?(B3,8?%), with u; being smooth while us being singular.
(See [AL].)



To prove this uniqueness theorem, we need some uniform boundary regularity esti-
mates, which are stated in Theorem 2.1. Its proof is based on R. Schoen and K. Uhlen-
beck’s boundary regularity theorem in [SU2, Theorem 2.7] and a compactness argument
(Proposition 2.3 and Lemma 2.5). Some different uniform boundary regularity theorems
have been proved in [AL], [HL2, p114] and [ML2]. The Lemmas 2.4 and 2.5, Corollaries

2.6-2.9 in §2 may be useful at some other places.

In §3, we prove a uniqueness property (Lemma 3.1) of energy minimizers when they are
considered as solutions of the harmonic map equation. This property gives an alternative
representation of the set Z, the formula (4.1). Using the uniform boundary regularity
estimates in Theorem 2.1, we prove a quantitative density Lemma 4.1 in §4. Then in §5,
we construct the measure p and prove the main result u(Z) = 0 by applying the density

lemma.

Here (in §5) we follow some arguments of F. Morgan [MF1, MF2|, whose work on
the generic uniqueness of minimizing hypersurfaces motivated the present paper. For the
case of smoothly immersed minimal surfaces, B. White [WB] also gave a description of
the nonuniqueness set Z. For smooth harmonic maps one easily obtains similar results.

This and associated problems with a fixed singular set are treated in [HM] and [ML1].

Finally, in §6, we remark that this uniqueness property holds for energy minimizers

whose domain may be a general Riemannian manifold.

2. Uniform Boundary Regularity

The main content of this section is the proof of the uniform boundary regularity
Theorem 2.1. The Lemmas 2.4-2.5 and Corollaries 2.6-2.9 should be interesting in their
own rights. For simplicity of discussion, we assume that N is a fixed compact C?*®
Riemannian submanifold of R™ without boundary, and Q is any C?“ bounded domain
of R™ with the Euclidean metric. (for a definition of C*“ domain, see §6.2 of [GT].)

Definition. For given positive numbers dy, dp and Ay, we define M = M(dy, dg, Ao)

to be the set of all C*® domains €2 in R™ satisfying the following conditions:
i. diam( Q) < dp;
ii. At each point w € 99, there exists an orthonormal coordinate system (y!,...,y™) at

w such that

Sy is in the inward unit normal direction n(w) of 0 at w. Furthermore,
Y



there exists a C>< function f: B™71(0,60) C R™™! — R, such that
QN C™(w, ) ={y € C™(0,0) : y™ > f(¥')},
[ fllc2.e@m—1(0,50)) < Ao,
where C™(w, &) is the cylinder B™~1(0,60) x [—do,d0], ¥’ denotes (y!,...,y™1).
Clearly, f(0) = |V f(0)] = 0. It is easy to see that any C*“ bounded domain € is in

M = M(dy, dg, Ag) for some suitably chosen positive numbers dy, dp and Ag. Also, one
has that M(do,ég,/\o) C M(dl,dl,Al), if dg < dl, 50 > 91 and Ao < A;.

For Q2 € M(dy, do, Np), we denote:

'=0Q; d(x)=dist(x,09), for ze€R™;
I's={xeR™:d(z) <d}, for §>0;

s =IsN0Q, F_s=Ts\Q;

Q. =Q\T,, if r>0; Q.=Int(I",UQ), if r<O0.

The definition of M implies that, for any 2 € M, 02 has an interior neighborhood
I'ys, and an exterior neighborhood I'_s,; furthermore, one can easily show that, if
01 = min{%o, m}, then (2 has an interior ball and an exterior ball of radius d; at
each w € 9. (To check this, one uses the coordinate system (y!,...,4™) in the definition
of M at w € 99, and shows that B (+£p,d1) are interior and exterior balls of 2 at w,
respectively, where p = (0,...,0,4d1).)

Some other properties of M are stated in Proposition 2.2.

The reason for us to consider such a family M with specified parameters dy, dg and Ag
is that some quantitative estimates concerning a solution v on 2 € M of some problems
are uniform with respect to M ( i.e., not depending on any particular 2 € M, but only

on dy, 69 and Ag which define M). The Theorem 2.1 below is another such example.

The norm || [lcre = || [[cre@o) (0<a <1, k=0,1,2,..) on C**(8Q, N) is defined

by:
[@llcnn = inf{[[ullcreg : u € CH2(@,R™), u= @ on 9},
For ¢ € C*%(0Q, N), we denote
U, =Up 0 = {ue L"*(Q,N) : ulpa = ¢}

Theorem 2.1 (Uniform Boundary Regularity). There exist positive numbers ¢ and
C, depending only on dy, 0y, Ay, K and N, so that if Q € M, ¢ € C*%(9Q, N) with
lellore < K (k=1, or 2) and u € U, q is an energy minimizer, then u € C**(T 45, N)
and

ullgroar, ) < C.
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To prove this theorem, we need a compactness property of M (Proposition 2.3) and

a lemma (Lemma 2.5). We start with some basic properties of an domain 2 € M.

For Q € M and w € 99, let (y!,...,4™) be a coordinate system and f be a function
in the definition of M. As |D;; f(0)| < Ao, the principal curvatures K1, ..., Kkm—1 of O at
w, by definition, being the m — 1 eigenvalues of the Hessian[D;; f(0 )](m Dx(m—1) of f at
0, satisfy the following

k=max{|k;| :w e N1 <i<m—1} < (m—1)Ao.

The coordinate (y!,...,y™™ 1) is called principal coordinate system at w if 6%1 is in the
direction of the eigenvector corresponding to x;, 1 < ¢ < m — 1. Under the principal
coordinate system, Hessian[D;; f(0)](m—1)x (m—1) =diag[s1, ..., Km—_1].

Since 2 has uniformly interior and exterior balls of radius §;, we have that, for each
x € I's,, there exists a unique w € 9%, denoted by m(z), satisfying d(z) = dist(z, 002) =
|z — m(x)|. Denote n(w) the inward unit normal direction of 02 at w € 9Q2. We have the
following (cf. [GT, Appendix] and [AW, Lemma 2.2].)

Proposition 2.2. Let 2 be in M, then

a. n € CH*(0Q,R™), m € CH*(Ts,,00) and d € C?*(Q).

b. Let Ty s =T, UIl'_, for s,t € [0,01], then 't s = {w +r(w) :w € 0N —s <r <t}
The map F(w,r) = w+rn(w) is a O diffeomorphism between 0Q x [—s,t] and T'y g,
and for each r € [—d1, 81, F.(-) = F(-,r) is a CY* diffeomorphism between 02 and
00,..

c. If 6o = min{dy, [(2m + 2)x] ™1}, then the Jacobi of F,. satisfies

(2.1) | J(Fr)(w) = 1] < 2(m — 1)x]r|,
[vol(I't;) — area(0Q)t| < 2(m — 1)k area(9Q)t?

for (w,r) € 9 X [—d2, 03] and 0 < t < 6§, respectively.
d. If 0 < s,t < 63 and u € LV?(Ty 5, N), then

¢ 2
(2.2) / |Vul?dz < (1 + cst)/ / <\un]2 + )(w, r)dwdr,
Ft,s —S

e [ (ot o]

where on the right hand side, u(w,r) = u(w + rn(w)) and cgy = 2(m + 1)k max{s,t}.

Proof. For z € Ty, let w = w(x) € 0. Thus, z = w + n(w)r, where r = +d(x)
depending on x € 'y 5, or x € I'_5, ).
+01 1



For a fixed zg € T's,, denote wyg = w(zg). We may assume that wy = 0 and that
T.,(092) = R™~! x {0} with the principal coordinate system. By the definition of M,
90 N C™(0,dy) is the graph of a C%% function f : B™~1(0,5y) — R. Define a map
g :B™71(0,60) x [~d0,d0] — R™ by

(2.3) r=g(y,r) =w+n(w)r, where w= (v, f(v/)),
then g is C1® on B™71(0,d¢) x [—dp, dp] and its Jacobi matrix of at (0,r) is
[Dg] = diag[l — k17, ..., 1 — K17, 1];

therefore, g is regular when |r| < §; (6; = min{%’, m}) Particularly, g is regular at
(0,d(xg)). It follows from the inverse mapping theorem that, for x in a neighborhood of
zo = g(0,d()), the map y'(x) is C1*. Consequently, the maps w = (v/, f(y/)) = ()
and r = d(x) are C1“. Since Dd(z) = n(y(x)) € CH%, one has that r = d(x) is actually
C?*. This shows (a).

The proof of (b) is easy, since for each x € TI'ys,, one has that z = w £+ rn(w)
with 7 = d(z). That the map g is regular when |r| < ¢; implies that F and F, are
diffeomorphisms.

For a proof of (c), define G : B™71(0,p) x R — 90 x R € R™ x R by
G(y',r) = (¥, f(¥), 7). Then

0 0

A Lm—1)x(m-1)

)mx(m—l—l)
Since F = g o G~! when |r| < 62, we have
m—1

e |

1

1
<
—Rkilr] —1=(m—1)

<1+2m-—1 .
7 < 1+ 20m = Dl

[2 Iy >1—2(m—1)k|r|.

From this and an area formula (e.g., see §8 of [SL].), we get
(1 —2(m — 1)kt)area(0N)t < vol(I'ys) < (1 + 2(m — 1)xt)area(9N)t,

for t € [0, d2]. This shows (c).



If u € LY2(Ty s, N), then by the change of variables x — (y/,r) defined by (2.3), we

have
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This estimate holds at any point z = w + rn(w) € I'yy, which corresponds to (w,r) €
082 x [—s,t]. So by (2.4) and (2.5)

=1

ou

or

<

oul? +

5 ) (w,r)J(F)dwdr

1 ¢ ou
Vquxg—/ / (ku2+ Ou
/rt,s| | 1= 2k|r| Joq J_s Vel
t 2
< (1+cst)/ / (|un|2 + )?
o J—s
t o 2
e [ [ (195wt
o J—s 0

Thus we finish the proof of Proposition 2.2. [ |

) (w, r)dwdr.

Remark. If one replaces C%% by C* or C* with k > 2 in the definition of M, then
the discussions above on € € M still hold. In particular, Proposition 2.2 holds with C%®
replaced by C*< or C*, and C*® replaced by C*~1« or C*~1, respectively.

Since each 2 € M is contained in a ball of radius dy, we will not lose generality in

considering the subset Mo = {2 € M : Q € B™(0,do)}. For My, we have

Proposition 2.3. For any sequence {QZ} in My, there exists a subsequence {Q*} of {QZ}
and a domain Q € My so that {QF} converges to Q in the following C1*/? sense: There
are C1@ diffeomorphisms fi, : Q@ — QF such that f;, — I in CY*/2, where I, is the identity
on §).

Proof. We will use the following definitions: For A, B C R" and € > 0, one has the
Hausdorff distance dg(A,B) = inf{fe > 0 : A C B, B C A.}, where A, = {z €
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R™ : dist(z,A) < €}. Then for a sequence A', A2, ... of subsets of R™, A = dg-
lim A" iff dg(A*,A) — 0, as i — oco. We also define limsup A* = N2, U (A%);-1,
liminf A* = U2, N2, (A");-1. Obviously, z € limsup A* iff there exists a subsequence
{j} of {i} and z; € A7 such that z; — x as j — oo; that A = dpg-lim A* implies
that A = limsup A’. Finally we say that finite points x1,...,z, form a d-net in A if
A cC UL B(x;,9).

Let § = 01/4. Suppose that x1, ...,z, form a d-net in B™(0,dy) (g0 depends
only dy and dg). Suppose that {Q’} is a sequence in M. We consider the sequence
{02} of their boundaries. Let p;, 1 < p; < qo, be the minimal integer such that
lim sup Q" N B™(xp,,0) # 0, say containing a point w) . Then we have a subsequence
{j} of {i} and point w] € 9’ for each j, so that |w) —w) | — 0 as j — co. Let py,
p1 < p2 < qo be the next minimal integer such that lim sup 02 NB™ (z,,,d) # 0. As above,
we have a point w9 in it, a subsequence {k} of {j} and wf, € OO" for each k, so that
]wSZ —w22| — 0 as £ — oo. Repeat this procedure successively up to gy, we get an integer q,
1 < g < qo, and q of the covering balls, say B™(x1,0),...,B™(x4,0) after re-ordering, and
also a subsequence of {i}, say {7}, so that for each ¢ < p < qo, lim sup 8QjﬂBm(xp, 5) =10,
but for each 1 < p < ¢, limsup 9’ N B (x,,0) contains at least one point wg and there
exists a corresponding sebquence wg € 9O satisfying |wg — w2| — 0 as j — co. We may

assume that |w) —w)| <6 for all j and all p=1,...,¢, since it is true for j large.

As B™(x,,0) C B™(w),26), 1 < p < g, one has that w?,...,w) form a 24-net in
limsup Q7. This implies that we may assume that w7, ... ,wg form a 3d-net in 9’ for
each j, since |w) — w)| — 0 implies this is true for j large.

Let n? be the inward unit normal direction of Q7. Considering {n(w])} as a sequence
of unit vectors of R™, we may assume that n’/(w/) — n° (as j — oo, by passing to a
subsequence). This means that the sequence {Tw{ (09))} of tangent planes converges to
T,0, a plane passing through w? and with n° being its normal direction. In other words,
one may take an affine map T, (for each j) from R™ to R™ mapping w{ to w{ and T

to T ;(9€7), and perserving the orientations, so that T; — I in C*.
1

Now recall the definition of M, that Cm(w{,él) N oY is the graph of a function
f7:B™ 1w §;) — R with 17l e (g1 (07 50y < Ao So T;H(097) N C(wf, 61) is the
graph of f7/ o T; over T 0 NB™ (w?,d1); furthermore, ||f7 o Tjl|co.a@m-1(10,5,)) < Ao
By Arzela’s theorem, there is a subsequence {k} of {j} and a C*% function f° :
B 1(w?,6;) — R such that f*¥oT) — f° in C*/2. Therefore, (2.6)

(2.6) C™(w?,61) Ngraph(f°) = dg-lim C™ (W, ;) N Q" = dy-lim T, (9Q%) N C™(w?, 61).
The latter equality comes from that T} — I.
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In fact we have C%¢ diffeomorphisms
fr: {y € C™(w?,01) :y™ > fOy)} — {y € B H(wi,01) x R:y™ > fO(y)}
which is defined by

fk(y) = Tk(ylvym - fo(y/)) + (07 te 707 fk(Tk(ylao))v

and satisfies that f, — I in C%%/2,

Repeat the same discussion for w9, and then for w), successively up to w?

q?
a subsequence of {j}, say {k}, so that dgy-lim 00 is locally graphs of C% functions;

we get

therefore, d-lim 90" is a closed C2 hypersurface. Let €2 be the unique bounded domain
such that dg-lim 9QF is its boundary 92 and n° is its inward unit normal direction at w?.
The above discussions show the following: Q € Mg; QF are locally C? diffeomorphic to
Q near their boundaries; dQ = dy-lim Q¥ from (2.6) and that w?,. .. ,w) form a 36-net
in 8 for each j. Therefore, we have dy-lim QF = Q.

Now we construct C1* diffeomorphisms f;, : Q — QF (for k large) satisfying that
f, — Iin CY*/2 Let k be so large that dg (99, 8Q%) < 61, then dQF C T's, (where
[ =09Q). Let m: I's, — 09 be the projectional map. Then 7|50 are C1® diffeomorphisms
between 9NF and O when k is large. (cf. Proposition 2.2(b)) Denote m; = (w[am)fl.
By passing to a subsequence, we may assume that 7, — Ipq in CH*/2. Let n(r,s)
be a C? function on [0,28] x [—24,24], such that n(26,s) = 24, and 1(0,s) = s, (e.g.,
n(r,s) =7+ s(1 —r/26)3). Define

£, (z) = {Zi—f— n(r, dr(w))n(w), T ; (é ;z—érn(w)’ 0<r<é,

where di(w) = n(w) e (7 (w) —w) = Edist(w, 7, (w) € CH*(IN). Now it is easy to see that
f,, are C% diffeomorphisms and — I in cla/2, [ ]

Remark. In Proposition 3.1, if gg is the Euclidean metric on R™ and g = fx*gg is the

pull-back metric of go via fy, : Q@ — QF, then clearly g — go in C*/2.

For a fixed 2 € M and a positive number A; > 1, consider the family G, consisting
of all CY metrics g = g;;dx; dz; on ( satisfying the following

A7 (045) < (g45) < A1(S4).

Then LY2(Q, N) are invariant with respect to g € Go,. We will denote E(u, g) the energy
of u € LY2(Q, N) with respect to metric g, and E(u) = E(u, go).
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There is a positive number 7 > 0 so that for each z € N, = {z € R" : dist(z, N) < 7}
there exists a unique 7(x) = 7y (z) € N satisfying |z — w(z)| = dist(z, N) and

(27) ||D7T(£C) - Pﬂ'(m)” < 00’37 - 7T<.’13)|,
| Drr|(x) < Ch

for x € N;. Where Cy and C; are constants depending only on N, and Py, is the
orthogonal projection of R™ onto Tr(;) (V). (See [HL1] p558.)

As we will apply the boundary regularity theorem in [SU2, Theorem 2.7] many times,

we restate it as follows: (See [HKL] for the cases of lower order regularity.)

Boundary Regularity Theorem in [SU2]. Suppose Q is a bounded C*“ domain
in R™ and N is a compact C*% Riemannian submanifold of R" without boundary. If
© € CH*(00,N) (k=1 or2), and u € L*%(Q, N) is an energy minimizer with u = ¢ on
0. Then u is C** in a neighborhood of 0.

Lemma 2.4. Suppose ) is a bounded C%® domain in R™ and N is a compact C*®
Riemannian submanifold of R" without boundary. If U, # () for some ¢ € C1*(99Q, N),
then Uy, # () for any ¢ € CH*(0Q, N) with ||¢p — ¢|lco < 7.

In fact, if u € Uy, is an energy minimizer, and Ay > 1, then there exist positive numbers
d3 and C, depending only on |¢|c1@aq), u, A1, Q and N, so that for any 0 < t < 03 and
g € Ga,, there is a v € Uy, satistying

1
(2.8) E(v,9) < E(u,g) + C |t + tllo — 112100y + EHSO — ¥ll20 a0 |-
In particular, for g € G, , there is a v € Uy, satisfying

E(v,9) < E(u,g) + Clle = ¥lcoan),
where C depends additionally on |[¢|c1(aq). (cf. Corollary 2.8.)

Proof. By the boundary regularity theorem in [SUZ2]|, being an energy minimizer in U,
wis C1® in [, 95, for some 0 < d3 < d2/2. For 0 < t < d35 and 1) as stated, we define

an [(1 = ()W) + n(r)pw)] for 1 =w+rn(w) € Ty
U(SC> = u(w—l—Qt’f) T—t)n( )) fora::w+7~n(w) th\ta;
() for x € Qo

e



where 7 is an increasing and smooth cutoff function satisfying that n(r) = 0 when
r < 0, n(r) = 1 when r > ¢ and n'(r) < 2/t. Note that my[ -] is well-defined as
(1 —n(r)(w) +n(r)p(w) € N,. Clearly v € Uy; therefore, U, # 0.

Now suppose that g € Ga,. For x € T'y4, by (2.5) and (2.7), we have

O Ov®
%] < 2
oxt 01 = MV

< Cuti (14 20m -+ Det) | 1606 — @) + (V)] + Vool

V()2 =g

1
< G| 19 = eliincomy + 1 = @lscom + Ielinon |

Similarly, for x € ; \ Q2;, we have

ou 2

%(w + 2tnn(w))

< C4||VUH2C1(§2253)'

Vo(z)|? < Cg[

+ (m +t|Von(w)|) [Vu(w + Qtnn(w))lz}

Then (2.8) is obtained by using the formulae (2.1) and (2.2). The particular case is obtained
by choosing ¢ = min{||¢ — ¥ ||cos0), I3} [ |

Lemma 2.5. Suppose that 2 and N are the same as in Lemma 2.4; {g;} is a sequence
of metrics on Q converging to the Euclidean metric gy (on ) in C°. If u; € LY2(Q, N)
is an energy minimizer with respect to g;, uilag = ¢; € C+*(8Q, N) and [|¢;]|cr.ea0) is
bounded. Then we have
a. If u; converges to u weakly in L1'2(Q2, N), then u is an energy minimizer with u = ¢
on 0N for some p € CH(9Q, N).
b. Generally, any such a sequence {u;} of energy minimizers has a subsequence strongly

converging to an energy minimizer.

Proof of (a). Since [|¢;||c1.«(a0) is bounded, we may assume (by passing to a subsequence)
that ; — ¢ in C! for some ¢ € C1¥(99Q, N); furthermore, u = ¢ on dQ by trace theorem.
Suppose for the sake of contradiction that u is not an energy minimizer, we then take

an energy minimizer v € U,, which satisfies
E(v,g0) < E(u,go) — €, for some e>0.

Applying Lemma 2.4 with i being so large that [[¢; — ¢|co@a0) < min{e/4C, 7} and
gi € Ga,, we get a v; € U,, which satisfies

E(vi,9;) < E(v,g;) +

IS
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Since g; — go in C°, we have, for i large,
€
E(v,g:) < E(v,g0) + 1

On the other hand, by lower semicontinuity, we have, for i large,

| M

Combining all these inequalities together, we get

E(vi, i) < E(u;, gi) —

B~ M

This contradicts to the minimality of u;. So u has to be an energy minimizer.
Now for any € > 0, applying Lemma 2.4 again as above, we have v; € U, for large 1,
so that
E(vi,9;) < E(u) +¢.

So E(u;, g9;) < E(u) + ¢ by minimality of w;; therefore, E(u;, g;) — E(u). This combined

the weak convergence of u;, gives that u; — u strongly.

Proof of (b). As above, we can take a subsequence {p;} of {¢;} such that ¢; — ¢ in
C'(0Q) as j — oo. We first notice that U, # 0. In fact, since U,, o # 0, Lemma 2.4
implies that U, # 0 when j is so large that ||o; — ¢|coan) < 7. Let u be an energy
minimizer in U,

Now we prove that E(u;,g;) is bounded. Again applying Lemma 2.4 with i being so
large that [|p; — ¢||coan) < min{l/C,7} and g; € Ga, we get a v; € U, which satisfies

By minimality of u;, E(u;,g;) < 2mE(u,go) + 1, which is bounded. Therefore, u; has a
subsequence uj weakly converging to some ug € U,. Now Part a) implies that ug is an

energy minimizer and the convergence is strong. |

A direct corollary to Lemma 2.5 is the following stability of energy minimizers. (cf.
Corollaries 2.8 and 3.3) For the cases m = 3 and N = S?, R. Hardt and F. Lin proved a
much stronger stability theorem in [HL2, p113].

Corollary 2.6. Let Q and N the same as in Lemma 2.4 and ¢ € C+*(0Q, N) with
lollcre < K for some K > 0. Given any € > 0, there exists an n > 0 (depending on
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O, N,¢,K and ¢) so that if ¢p € C1*(9Q, N) with ||¢||c1.« < K and || — ¢||co < 7, and

v € Uy is an energy minimizer, then there is an energy minimizer u € U, satisfying
/ |Vu — Vo|? de < e.
Q

Proof. Suppose for the sake contradiction that this is not true, we then have an ¢y > 0
and a sequence 1; € CH¥(9Q, N) with ||¢);||cr.« < K and a sequence v; € Uy, of energy

minimizers satisfying ||¢; — ¢||co — 0, but for each i and any energy minimizer u € U,
(2.9) / |Vu — Vu|?de > eo.
Q

As ||9i]|c1.e is bounded, we may apply Lemma 2.5 with Q¢ = Q to get a subsequence
{v;} of {v;} so that v; — v strongly in L'?(Q, N), where v is also an energy minimizer.
As 1; — ¢ in C°, we have v = ¢ on 9 by trace theorem. So v is an energy minimizer in

U, not satisfying (2.9), a contradiction. [ |

Proof of the Theorem 2.1: Suppose for the sake of contradiction that the conclusion is
not true, then there exist a sequence of domains {Q°} in M, a sequence of boundary data
{pi}, i € CF(0Q!, N) with ||@;||cre < K, a sequence of positive numbers {d;}, &; | 0,
and a sequence of energy minimizers {u;}, u; € LY2(Q% N), u; = ¢; on I'" = 90, such
that

(2.10) ”Ui”ck,a(Fiél) — 0OQ, as 7 — 00.

We may assume that Q! € Mg as we can move it into B™(0,dp) by a translation.
By Proposition 2.3 there exist a subsequence {2} of {Q2?}, a domain Q € M, and C*
diffeomorphisms f; : Q — Q! so that f; — I in che/2, Setting g; = f;" go, we can identify
(, go) with (Q, g;). Clearly g; — go in C*/2. Denote u; = u; o f}, ¢; = ¢; o f;. By Lemma
2.5, we have a subsequence {u; } of {v;} strongly converging to an energy minimizer u € U,,
where ¢ € C**(0Q, N) and ¢ = lim ¢; in C**/2. By the boundary regularity theorem in
[SU2], u € C**(T'15,, N) for some 6, > 0 (I' = 9Q).

We now show that sup, HujHCk,a(Fsz) < oo for some d5 > 0. This will contradict to
(2.10). In fact, we only need to show that

(2.11) Slj}p ||“j||01(ri%5) < 00,

as once (2.11) is known, by applying the linear elliptic theory to the harmonic map equation
that u; satisfies, ||Uj||ck7a(r‘j ) can be estimated in terms of the right hand of (2.11),
+d5

l@jllc2e o0y < K, do, do, Ao, 65 and N, but independent of ;.
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We use Theorem 3.1 in [SU1] and Theorem 2.2 in [SR] (or Theorem 2.6[SR] and
regularity estimate 1.5 [SU2] for boundary case). Let £ > 0 be a positive number less than
g, &, the constants in these Theorems. Since u € C*%(T'4,), there exists an r € (0,3,4/8],
such that

(2.12) r2_m/ |Vul?dr < E,
B(z,3r) 2

for any z € I' 4. Where B(z,3r) = B(z,3r) N I'y4,. Take finite points x1,...,2, € ['14r
so that T4, C UP_ B(x,,r).
Since f; — I in C%*/2 w; — w in LY%(Q, N), g; — go in C*/? and (2.12) holds for
each x,, we have the followings (for j sufficiently large):
(2.13) 15 = Tlcre) <25
£ —Taillcrai) <2
T2_mE(uj,gj, B(x,, 37‘)) <e,
where E(uj,gj, B(x,, 37")) is the energy of u; on B(z,, 3r) with respect to metric g;. Also
we have fj_l(FiT) C Tyop.
Now for any y € Fir, there is some 1 < v < p so that fj_l(y) € B(z,,r), therefore,
fj_l(B(y,T)) C B(z,,3r), where B(y,r) = B(y,r) N Fir. From (2.13)
r2_mE(uj, 90, B(y, r))
=" E(uj, 95, (B(y. 1))
< TQ_mE(uj,gj, B(z,, 37“)) <e.
So the small energy conditions in Theorem 3.1 in [SU1] and Theorem 2.2 in [SR] (or
Theorem 2.6[SR| and regularity estimate 1.5 [SU2], respectively) hold, therefore u; is

a-Holder continuous and then is C** on I, ,,, and

sup |Vu,| < C’[r’Qg + K|, forany ye F‘er,
B(y,r/2)

where C' depends only on m and N (and the curvature of 8Fir , which is bounded in
terms of Ay for boundary case). This implies (2.11) with d5 = /2.
Thus we finish the proof of Theorem 2.1. [ |

From the proof of Theorem 2.1, it is obvious that Theorem 2.1 holds for a subfamily
M of M which is closed under the convergence described in Proposition 2.3. In particular,
we have the following corollaries, the second being needed in §4.

First, suppose that 2 is a given bounded C*® domain. Letting M; = {Q}, we then

have
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Corollary 2.7. Let Q and N be the same as in Lemma 2.4. For any constant K > 0,
there are positive constants 6 and C' depending only on 2, K and N so that any energy
minimizer u € U, with p € C**(0Q, N), ||¢|lcre < K is C>* on I'y5 and

ul|c2.e 5 < C.

Furthermore, from Corollary 2.7, one sees (from the the proof of Lemma 2.4) that the
constant C' in Lemma 2.4 actually depends only on Q, N, ||¢||cr.« and ||¢||c1.e. It turns

out that we have the following

Corollary 2.8. (Stability of Energy). Suppose that ), N are the same as in Lemma
2.4. Then for K > 0, there exists a positive constant C' depending only on K, ) and N so
that if p, ¢ € CH with ||| cra, ||¥]cre < K and u € U,, v € Uy, are energy minimizers,

then
/|Vu|2—/ Vo2
Q Q

Second, suppose that €2 is a bounded C*® domain. Then there exist positive numbers
o, doy, o and Ag so that Q, € M(dy,do,Ag) for |r| < o. To check this, one notices that
09, = {w+rn(w) : w € 9N}, which is C?? diffeomorphic to Q when |r| is small (see the
Remark to Proposition 2.2). Now letting My = {Q, : |r| < o}, we have

< Clle = ¥llcoan,ny-

Corollary 2.9. For any bounded C*% domain Q, N as before, and constant K > 0,
there exist positive constants o, 6(< o) and C' depending only on ), K and N so that if
r € [~o,0], ¢ € C** with ||¢|cr.« < K and u € U, o, is an energy minimizer, then u is
C?% in Q, NTs and

|| c2.0 (,Ars) < C.

3. A Uniqueness Result for Harmonic Map Equation

Here we prove a unique continuation result for harmonic maps, which may not be
smooth. This result gives an alternative formulation of the nonuniqueness (3.5). For
classical solutions of general elliptic equation or system, similar theorems were proved
before, e.g., [AN][MF2]. In fact, the proof here shows that even weak solutions of general
elliptic systems (linear or nonlinear) also enjoy this unique continuation property (e.g., the
Jacobi fields of a harmonic map [HM]).
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Lemma 3.1. Let  C R™ be a connected bounded C*® domain, N be C® compact
Riemannian submanifold of R™ without boundary and ¢ € C*%(92, N). If u and v are
energy minimizers in U, and Ou/On = dv/On on a portion (nonempty and open) ¥ of 052,

then u = v on €.

Proof. By the boundary regularity theorem in [SUZ2]|, one knows that u and v are C**
in a neighborhood of 9Q and H™~2(S) = 0, where S is the union of the singular sets of u
and v. Let R = Q\ S, then R is open, as S is closed. (here open and closed are relative
to Q) Let

R1 = {z € R : x has a neighborhood in which u = v}.

Then clearly R is open. To prove that Ry = R, it suffices to prove that R is connected,

R1 is nonempty and closed. We proceed as follows.

R is connected. That R is path connected is well-known by the following argument.
Let a and b are any points in R. Since () is open and connected, and in which R in dense,
one may connect a and b by a piecewise segment curve in {2 with vertices in R. So it does
not lose generality to assume that the segment ab C Q and that @ = 0. Again since Q is
open, there is a positive number ry such that B™(0,79) and B™ (b, ry) are contained in R,
while the cone C' = {Az:0 <\ <1,z € B"(b,19)} is contained in .

Now we consider the projectional map 7 : R™ \ B™(0,7¢) — S™ 1(rg), 7w(z) = roé—|.
From that 7 is Lipchitz on R™ \ B™(0,rq), which contains S, and that H™2(S) = 0,
one has H™ 2(w(8)) = 0; therefore there exists a point xy ¢ 7(S). This means that R
contains the segment {Azg : A € R} N C. Take a point ¢ € B (b,rg) N {A\zp : A € R}.

Then a@c U cb is a path contained in R; and connecting a and b.

R1 is nonempty. First we note that both u and v satisfy the harmonic map equation on

R classically:

(3.1) Lu=Au — A(u)(du,du) =0,
Ly =0,

where A(u) is the second fundmental form of N at u. A is of C! since N is of C3.

Consider w = u — v. From (3.1) we have
(3.2) Aw — (A(u) — A(v)) (du, du) — A(v)(du + dv, dw) = 0.

Take a point wy € ¥ and a small positive number ¢ such that BN 9Q C ¥ and that u, v
are C%>% on BN Q, where B = B™(wp, ). Then (3.2) implies that w satisfies

(3.3) |Aw| < M (Jw| + [Vuwl),
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on B N Q, where the constant M depends on ||ul/c1, [[v]lcr (on BN Q) and || Al cra-

Extend w to B such that w(z) = 0 for z € B\ Q, then w € C?(B) and (3.3) holds on
k

0
B (note that all a—tZ and V¥w vanish on X N B for k = 0,1,2). By the Lemma 7.2 in
n
[MF2], we have that w =0 on B. So BN Q C Ry and R; is nonempty.

R, is closed. Suppose z; € Ry, and x; — = € R. Take a o > 0 such that B(z,0) C R,
then w satisfies (3.3) on B(x,0) with M depending on ||ul|c1, ||v]|cr (on B(x,0 )) and
|Allc1(ny. For i large we have that z; € B(x,0/2); while x; € Ry implies that w is zero

of infinite order at x;, i.e., f| |Vu|? < O(e¥) for any positive integer k and small €.

r—x;|<e
Therefore a unique continuation theorem [AN, Remark 3] implies, that w = 0 on B(z, o).
So x € Ry and then R; is closed.

Lemma 3.1 is thus proved. [ |

Checking the proof of Lemma 3.1, one sees a general unique continuation result is

already shown. Consider the following quasilinear system:

(3.4) Qu = a;(z,u, Du)Diju’ 4+ b° (2, u, Du),
zeQCR”, uw:Q—-R", aj=ua;, pB=1..,n

Suppose that on Q x R™ x R™*™ both A = (a;;)mxm and B = (b%)1xn are smooth, and

furthermore, @ is elliptic, i.e., A is positive. Then we have

Proposition 3.2. Let Q C R™ be a connected bounded C*“ domain. Suppose that u,
v € LY2(Q, N) are solutions of (3.4) satisfying the following

i. w=wv on dN, and Qu/On = Jv/On on a portion of IY;

ii. w and v are C*% on Q\ S, where S is a compact subset of Q with H™ 1(S) = 0.

Then u = v on f).

What we need in the application of §4 is the following fact implied by Lemma 3.1: If

u,v € U, are energy minimizers, as in Lemma 3.1, then

2

Ou _0vl". o

(3.5) u # v if and only if on " on

o2

0
To prove this, one uses Lemma 3.1 and the fact that U and 22 are continuous on
n n
0 (from the boundary regularity theorem in [SU2]). In general, Lemma 3.1 implies the

following corollary.

16



Corollary 3.3. Let 2 and N be the same as in the Lemma 3.1 and K > 0 be any constant.
Then for any € > 0, there exists a constant 6 > 0, depending only on 2, N, K and ¢, so
that if ¢, € C**(0Q, N) with |¢|lcze, |[¢|lc2e < K, uw € U, and v € Uy, are energy

minimizers satisfying

||S0_¢||CO S 97

ou  ovl?

M _ N gw<b
/89 81’1 3n W=

then
/ |Vu — Vv|2da7 <e.
0

Proof. Suppose for the sake of contradiction that the conclusion not true, then there
exist a 0y > 0 and two sequences ¢; and v; of boundary data, and two bounded (in C%®)

sequences u; € Uy, and v; € Uy, of energy minimizers such that

i — illco — 0,
ou;  Ov; |?
. 22 d
(3.6) /89 o o w— 0,
but
(3.7) / |Vu; — Vu|?dx > 6.
Q

By Lemma 2.5 and the uniform boundary regularity Theorem 2.1, we have a subsequence
{j} of {i} so that
i. u; and v; converge strongly to energy minimizers u and v respectively;

ii. p; and 1; converge to p, 1 € C**(9, N) in C? respectively, u = ¢, v = 1) on 9€;

Ou; 0 0 0
iii. % and —:lj converge to a—z and 8_:1 in C1(99) respectively.
. o , ou Ov
Taking the limits in (3.6) as j — oo, we get that ¢ = ¢ and — = - By Lemma
n
3.1 we have u = v. This contradicts to the limit of (3.7), which says that u # v. [ ]

4. A Quantitative Uniqueness Lemma

In this section, we use Theorem 2.1 and Lemma 3.1 to prove a quantitative Lemma
4.1, which is crucial to employing F. Morgan’s density argument in [MF1][ MF2]| to prove

our main result Theorem 5.2.
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In the rest of this paper, we will assume that € is a bounded C*% domain in R™
and N is a C*® compact submanifold of R™ without boundary. Let us denote Z the

nonuniqueness set:
Z = {p € C**(0Q, N) : U, contains two different energy minimizers}.
For K, € € (0,00) and ¢ € C%%(92, N), we define

(4.0) B(p, K) = {p € C**(0Q, N) : [ = ¢l|cze < K}
B'(p,K) = {¢ € C**(99Q,N) : |l —=llc2 < K};
Zx = Z N B0, K);

ou  ovl?

Zk,e ={¢ € Zk : 3 energy minimizers u,v € U, with /
oN

Obviously, Z = Ux~0Zk; furthermore, by (3.5)
(4.1) Zi = Uen0ZK e
For any fixed K, € € (0,00), we prove the following quantitative lemma by constructing

comparison maps.

Lemma 4.1. There exist positive numbers 3 € (0,1), v > 1 and to > 0, depending only
on Q, N, K and ¢, such that for any ¢ € C*%(0Q, N) with ||¢|/c2.« < K and 0 < t < to,
there is a 1 € B(p,yt) with B' (1, t) N Zk . = 0.

Before we start the proof, we need some preparations. Following the discussion before
Corollary 2.9, one has positive number K’ > K + 1, depending only on K, © and N, so
that for any ¢ € C%%(9Q, N) with [|¢||c2.« < K, if one defines

(4.2) p=¢r: 00 = N, ow+mw)) =pw)

for |r| < o, then

Ielc2eo0,) < K.

Applying Corollary 2.9 with K replaced by K’, we get positive numbers ¢ (< o) and
(1, depending only on Q, N and K, so that if |r| < o, ¢, € Cx 90, and u, € U, o, is an

energy minimizer, then

(4.3) ul| o200 (,Ars) < Ch.
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In particular, if 0 <t < o, ¢ € Cx a0, ¢—¢ is defined as (4.2) above, and u € Uz , o, is

an energy minimizer, then

(4.4) t]lc2a (0 nrs) < Ch

Since N is of C*% we have 7y € C*%(N,) for some 7 > 0 depending only on N;
therefore there exists a constant C's depending only on N such that, if u is a map from 2
(or Q) to N, and v is a C** map from Q (or IQ ) to R™ with ||v|co < 7, then

| D7 (u+0)[(2) < [Py |+ D7(u + v) = Dr(u)|(x) < 1+ Calv(x)],
(4.5) [V (u+v)|(x) = (D) (u+ v) @ V(u+v)|(z)
< (14 GColv(2) )V (u + v)[(z);
[7(u+v) —uller.e < Coffvflere,  (0<a<1; 0<k<2).

(Where the constant Cy in the last inequality may also depend on ||u||gk,«, but in our
following applications, |[u|/ck.« will be bounded by a constant depending only on K, Q
and N.)

Now suppose ¢ € Cr. For 0 < t < o, we define ¢_; € C**(9Q_;, N) as in (4.2).
Take an energy minimizer w € U, , o_,, which satisfies (4.4). Especially, if 0 < ¢ < §, then
g—g\ag € CL*(0Q,R™). The 1 of Lemma 4.1 will be taken as a suitable approximation
of ¢ + tg—g|ag. (Note that u|q is the unique energy minimizer with respect to its own
boundary value u|gn[AL, Theorem 4.1], which is close to ¢. This already implies that Z

is of first category. Lemma 4.1 is a stronger and quantitative result).

The rest of this section is devoted to the proof of Lemma 4.1. Unless otherwise

indicated, the following constants C3,Cy, ... depend only on €2, N and K.

Proof of Lemma 4.1. Let 0 < f < 1, v > max{C1,C5,2k,1} and 0 < tg < [ be
constants to be chosen later. Suppose that for each ¢t € (0,%y), ¥ = ¥ is a map in
C?%(0Q, N) satisfying the following
ou
4.6 —p—t—| < St
(4.6) max |y — ¢ —to | < ft,
1Y — @l c2.a00) <At

Suppose also that 6 = 0, € C*(9%, N) satisfies [|0]|c2.2(90) < K and

(4.7) 10 — ¥llc200) < Bt
Let v € Uy o be an energy minimizer. By (4.3), we have
(4.8) [v]lc2a(r,,) < Ch

Let f(w) = v(w + tn(w)), ¥°(w) = 4(w) for w € IQ. We need the following estimates
(4.9)~(4.17):

19



By (4.6) and then by (4.7), we have

(4.9) max v — | <t max —‘ + 6t < (C1 + B)t < 2Ct;
we wed
6 — | < 0 — < 3Cht.
max |0 — ¢| < max |6 — 4| + max ¢ — o] < 3Cy

By (4.8),(4.9) and (4.4), we have

< — —
max |6 — ¢ < max [u(w + tn(w)) = O(w)] + max [0(w) — p(w)|

(4.10) < gé%}é/o —n(w—i—rn(w))

< Cit+ 301t < 4Cht.

87} dr + 301t

For 0 < s < f3t, by (4.7), (4.6), then (4.4), we have

max |0 — a(w + sn(w))| < wme%)é 10 — |

weod
4 mae | — i — 19| 4+ mane (0 + 30 () — (w — () — o (@)
SS|Y 0 g |+ g+ om(w)) — il — tn(e))
(4.11) < pt+pt+ /s aa( + rn(w))d —t%( )
. HI%)S(2 on w rnlw T on
82‘
<26t +Cis+ max/ / 5 (W + mn(w))|drdr
< 208t + C1 5t + §Clt2 < 404 ft.
By(4.6), definition of @, and (4.4), we have
8 ou
0 < Y _Lou
max [¢) — 7| < max|¢ — ¢ —to-) + max|u(w) - a(w — tn(w)) —to-
82’
: <
(4.12) ﬁt+£%}g{z/ / 5 (W + mn(w))|drdr

< pt+ §Clt < 2C1t.

Similarly, by definitons of 6, %; by (4.4), (4.8) and then (4.11), we have

j ou  Ov
max |f(w) — p(w) = (5= + 5 -) (W)
ou
< malolo + inw)) —0() 50
(4.13) + max|u(w — tn(w)) — u(w) — t%(w)‘ + ar;ré%}éz a(w) — O(w)]

1
501752 + 01t2 +4C, Bt < 5C4 Bt;
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. ou v 2 ou v
— 2 < 2 — - < 2 - -
0(w) — p(w)]|* <t ( 7 + n —I—3C’15) <t ( n + n

Where the last line is obtained from (4.4), (4.8) and the following simple formula:

2
+ Cgﬂ) .

(4.14) laf” = B(laf* + 2|¢[*) < |a+ B < |a* + B(laf* + 2|¢[?),
for any vectors a, ¢, and g € (0,1).
By (4.8), (4.14); and by (4.6), (4.7) we have

max |V,0 — V0| < max |[Vov(w + tn(w)) — Vyo(w)|
wedQ weIN

t

S /

0

(4.15) V02 < |V,0>+Cyf, forany w e O

0
Vwa—z(w + rn(w))|dr < Cit;

wé - w

S IVl ~ Vet
< 0 _ _ _
< max [Vo,d — Voo + max [V,f — Voo + max [Voi) — Vol
< Cit+ Bt + vt < 3.

For |r| <t, w € 09, by (4.4); and then (4.14) we have

ou ou " 0@
(4.16) a—n(w +rn(w)) — %(w) < /0 w(w + n(w)s)|ds < Cit;
o > lou, |J? )
%(w +rn(w))| > 5’_n(w) — 3C5t.

Similarly, we get

IVoiti(w + rn(w))]? > |Vep(w — tn(w))]? — 3C%t

= |VopoWw)|* =3C7t,  |r| <t
ov 2 ov 2 o
(4.17) Gn@tmw)| > |zow)| —3Ct,  0<r<t

IVov(w +rn(w)? > |V,0(w)]* — 3CHt, 0<r<t.

Now we define p : I'y — N,

p(z) = p(w +rnw)) = (1 —n(r)ew) +n(r)fw), Il <t,
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where n(r) = (t 4+ r)/2t; furthermore, we define P: Q_; — N,
P(.’L‘) — {W(p(l‘)), ZES Ft;

v(x), x €y,

then P € U, , o ,. Also we define ¢ : I'y 3y — N,
() = g(w +rn(w)) = (1 = ¢(r)f(w) + ((r)u(w + n(w)pt), 0<r <Gt
where ((r) = r/ft; and furthermore we define @ : Q@ — N

Q(%) = {W(q(x))’ x € F—i—,@t;

u(x), x € Qpt,
then Q) € Up .
Notice that from (4.10) (4.11), one has that, when ¢ < ;Z—, 7 and therefore P and @

are well-defined.

From the minimalities of u € U, _, o_, and v € Up o, we have
E(,aa Q—t) + E(Ua Q) S E(P7 Q—t) + E(Qa Q)

Cancelling the common parts on both sides, we get

(4.18) / \Va|*dx —I—/ |Vo|?dr < |V (p)|Pda +/ |V (q)|*dx.
r tUF+gt F+t I'; l—‘+gt

Now we estimate each term in (4.18), as follows in (4.18)—(4.22):
By (4.5), (4.9); and then (2.2) we have

|V (p)[Pdr < (14 3C,Cyt)? |Vp| dx
'y

< (1+3C1Cot)* (1 + (2m + 2)st) / /aQ(

2

+ |pr|2)dwdr;

ou Ov

Op 1 S
- — <z
Slo) — ) (&1 o

2
on +03) by (4.13)

1 = 1 - 2
V.l = (5190 + Vel +15 ~ V.0~ V)

2
1 -
= (§|Vw9 + Vool + 3%) by (4.15)
1 ~
< S (IVubl® + [Verl®) +HCT +1877) by (4.14)
1
< S (Vb +Vupl?) + Cs + 187, by (4.15)
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where C5 = Cy + CZ. Therefore, we have

(4.19)
/F Ve (p)Pde

¢ 1

§(1+06t)//<—

_tJoa \ 4

/ <1 ou Ov
<t (=
a0 \ 2

on " on
where we used the fact that the whole integral [, --- (except that of the term 18+2t) is
bounded, by (4.4), (4.8) and (4.15).

o  ov|* 1 9 9 2
ot om +§(|Vw0| +|Vuel?) + (Cs5 + C5) 5+ 18y t>dwdr

2
+ |V.,0* + \szoF) dw + C7 8t + Cry*t?

Again by (4.5), (4.11); and then (2.2), we have

/ |V (q)|2dr < (1+ 40102575)2/ IV q|*dx
Lyt

Lype

8q2

< (144C1CBt)2 (1 + (2m + 2)kt) /Oﬁt /89(‘a_n

+ |VuCI|2> dwdr;

— | < max —|0(w) — u(w + ﬁtn(w))|2 < 160%;

Voal* = [(1 = ¢()Vub(w) + ((r) Vot(w + n(w)t)* < Cs,

where the last inequality is from (4.4) and the fact that 6 € Ck; therefore we have

(4.20) /F V7 (q)Pdx < Cyf3t.

By (2.2), (4.16) and (4.17), we have

(4.21)

/F_tur+ﬁt|vu|2dx > (1 — (2m + 2)kt) /_ﬁ: /GQ(
2(1—(2m+2)/<ct)/jt/89<

> (1= (2m + 2)rt)(1 +ﬁ)t</@9[ Ou

oul?

on

+ |un|2) (w, r)dwdr

S—EIQ + | Voip|? — 60121&) dwdr

2
ml T |ng0|2} dw — 6012area(8Q)t2>

u

/ (
>

2
+ ]nga\2> dw — C’105757
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where again we used the fact the whole integral |, 5q ** is bounded. Similarly,

6 2
(4.92) / Vol2dz > t/ ( 2y |Vw0|2)dw O pt.
Ty a0 n
Substituting (4.19)—(4.22) into (4.18), we get
(4.23) 1/ ou_ ol <o B+ Cort
) 2 o0 on on = 2 T

where C19 = C7 4+ Cy 4+ C19 + Cq1.
Now we start to choose [3, 7, to and determine ) (depending on 0 < t <ty and ).
Take 8 =min{;5—,1}.
For ¢ € C%%(9, N) and t > 0 small, let @ be as in (4.4). Define h : T's — R™ by

h(z) = h(w+m(w)) = %(w(:c)) = g—z(w) for x € T's).
Then we define
(4.24) Y(w) = mn[p(w) + th * E(w)],

where £ € C3°(B™(0,1)) is a nonnegative modifier satisfying [ {dx = 1; &(z) = s7&(L),
and s € (0,0) is to be chosen, and
htalo) = [ o= s2)g(2)dz = [ bty - o)y

Clearly, ||h * &sl[coaq) < C1. So ¥ is well-defined when 0 < ¢ < min{7/C1,0}.
By Taylor’s formula,

e ) ) — £ 51 ()| = mael o () + ¢ 6,0) = () — e )
< t e D () 6. 0) — Gl
(4.25) [ Dt ol 11 ) (s )
< t‘ [ Drw(e()he - s2)é(ds - 5o )|+ Cuat”

where C13 depends on ||7n||cz and Cy > ||h * &l|cr-
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9
Note that p(w) = 4(w —tn(w)) € N and 8—z(w —tn(w)) € Ty (N). From (2.7) with
r = p(w)), one has that Dy (¢(w)) is the identity on Ty, () (V). So
ou _ Ou

(4.26) D?TN((,O((.U))%(W —tn(w)) = a—n(w — tn(w)).

On the other hand by (4.4), we have (for |z| < 1)

w— tn(w))’ = g—z(w(w —82)) — g—z(w —tn(w)

< Chin(w —s2) —w + tn(w)| < C1(Cys + t).

(4.27) ’h(w —8z) — %(

So from (4.25)—(4.27), we have

o
129 o) - ole) - 50 0)
ou ou
< tlom(w —mW)) = 5=(@)] + Cullrlort(t + Cas) + Crat?

1
< §Clt2 —+ 01”7T||Clt2 + 013t2 + 0102”71'”01758 S 014St + Cl5t2.

Take sq :min{ﬁ, d}, and suppose for a moment that g < % Let ¢ be defined
by (4.24) with this fixed modifier £;,, and 0 < t < ty3. Then (4.28) and (4.5) imply That

1 satisfies our pre-assumed condition (4.6):

max
weIN

.-
w—so—t—u’ < Bt;

on
1Y — @llc2a@a) = [|T(@ + th x &) — @llc2aa0)

< Catf|h + sy [l 20 00)
< Catf[h][col[§sollc2.0 < A,

for v = C1Ca||€s, || 020 (092 -

Now take ty = min{%, ﬁ, 1000y o}, then when 0 < ¢t < tg, from (4.23) and the

o

Especially, if both v, w € Uy are energy minimizers, then

o

choices of § and ty, we have
2

ou Ov du <

on JOn

€
1

2

ow Ov dw < e,

on On
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ie., 0 ¢ Zk . (by definition of Z ). In summary, we have constants 3, and ¢, defined
as above, depending on €, N, K and e only, so that for any ¢ € C%%(9, N) with
|lolleze < K, and 0 < t < tg, there exists a 1 € B(p,vt) (defined by (4.24)), satisfying
that if € B'(¢, 5t), then 0 ¢ Zk ..

Thus we finish the proof of Lemma 4.1. [ |

5. The Uniqueness Theorem

Now we prove our main result Theorem 5.1: p(Z) = 0 where p is a measure to be

constructed below.

In fact, we have to restrict ourselves to a smaller space C%**(9Q, N), the || [|c2.a
closure of C?(9Q, N) in C*%(9€2, N), on which a measure p will be constructed, and
then u(Z N C?%2T(9Q, N)) = 0 is shown. We require that p have positive value on each
nonempty open subset; therefore, such a measure does not exist on C%*(92, N), because
it is generally nonseparable. (See [MF2, 6.1], [WB, 1.5].)

Let 7 > 0 be a positive number such that for z € N, = {z € R" : dist(z, N) < 7},

there exists unique nearest point 7(x). Denote
C*oH (90, N,) = {p € C**T(9, R™) : p(x) € N, for all z € 9Q}.

Clearly C%2% (0, N,) is nonempty open subset of C%%*(9Q, R™). Now we consider the

following extension II of 7:
II: C**T(09, N,) — C%*T(9Q, N),
¢ — Mo, (Ilp)(z) = n(p(x)).
Obviously II is surjective. From (4.5), IT is also continuous.

Let pp be the measure on C%*(9Q, R") defined by F. Morgan in [MF2], which is

positive at its each nonempty open subset (and so is po|c2.0+@0,n,)). Let p = Iyuo, i.e.,
pw(A) = po(II~1(A)) for A C C**T(9Q, N).

If A is open and nonempty, then II71(A) is also open and nonempty, by continuity
and surjectivity of II. Therefore, u(A) = po(II71(A)) is positive. So p is a needed measure
on C%9F(9Q, N).

We may, and will, for convenience, extend p to C**(952, N) by

n(A) = p(ANC**T(6Q, N)), AcC C>*(9Q,N).
(But u(A) may be 0 even if A is open and nonempty in C% (98, N).)
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Now we are going to prove u(Z) = 0, i.e., uo(II71(Z)) = 0. By (4.1), it suffices to
show that po(II71(Zk ) = 0 for all K,e € (0,00). The quantitative Lemma 4.1, which
was for the set Zk ., can now be transferred to II7!(Zf ), as follows. We use By and B
denote balls in C% (99, N,) (see (4.0) for definitions).

Lemma 5.1. There exist positive numbers 31, 71 and t; = tg, depending only on €2, N,
K and ¢, so that for any o1 € II7Y(Zk ) and 0 < t < t1, there is a 11 € B1(p1,11t) with
B'l(d)l, ﬂlt) N H_I(ZK7E) = @

Proof. Suppose @1 € 1171 (Zk ). Then [lp; € Zk .. Let 1 € B(Ilp1,~t) be the existed
1 in Lemma 4.1 corresponding to Ilyp; and 0 < t < tg. Take

Y1(x) = Y(x) + P@j_(gc)(ﬂﬁl(l’) — (1) (x)), =€ 0N.

Where P;- : R" — T;-(N) (y € N) is the orthogonal projection. Note that N is C*®
implies that PyL is C3% in y, and ¢ € C**(9N, N, ). Furthermore, from

Y1(2) = ¢1(@) = (@) — [p1)(@) + [Py ) = Pitgs) ) (9(2) — (1) (@),
and ¢ € B(Ilpy,~t), one has that, for a constant v; which depends only on Q, N and K,
(5.1) |91 — p1llcze00) < Mt
Take a 31 < 3/Cs and t; = tg. Now if ||01 — 91| c2a0) < Bit, then by (4.5),
11101 — || c2a0) = b1 — Ihy[|c200) < Cafit < Bt

Therefore by the choices of 1, we have that I16; ¢ Zx. or 61 ¢ I ' (Zk.). Thus

Lemma 5.1 is proved. [ |

The rest of the proof that puo(II"}(Zk)) = 0 from Lemma 5.1 follows exactly the
density argument of [MF1, 7.8]. Here the Approximation Lemmas [MF1 4.6, MF2 4.4]
are applied to

H = {@ cpp €07 Y Zk ), 0<t<t, and ¢ as in Lemma 5.1}
with H H = H ”02(8(2)- Notice that, by (5.1), HC CQ’Q+(8Q,R”) and Hd)l—?ﬂHCla(aQ) <.

So H is equicontinuous up to second derivatives. (See [MF1, p271] and [MF2, p345| for
details.)
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Summarizing the discussions above, we have

Theorem 5.2. For p—almost all ¢ € C%“F(9Q, N), there exists at most one minimizer
of [ |Vul? with trace .

§6. A Remark on the Domain

Finally we remark that Theorem 5.1 holds for the cases where 2 = M is a general
Riemannian manifold.

Suppose that M™ is compact and smooth Riemannian submanifold of R™ with M
being C%®. By extending M along its boundary in its outward normal direction, we may
assume that M is contained in a bigger manifold M, which is also smooth and satisfies
that dist(M, M) > o for some positive number o.

Now consider the family M = {M,. : |r| < o}, where

M, ={z € M : dist(z, M) < —r}, if r < 0;
M, ={x € M : dist(x,0M) > r}, if r>0.

If o is small, then each M, € M is smooth, with OM, being C%. Obviously, M is
compact in the sense of Proposition 2.3. Therefore, one can repeat the proof of Theorem
2.1 to show that the corresponding conclusion of Corollary 2.9 with €2 replaced by M still
holds, which is the (essentially) only estimate we need to prove a corresponding Lemma

4.1. The rest of the discussions are essentially the same.
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